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i
In a review of Eugene Charniak's book \Statistical Language Learning" inComputational Linguistics Vol. 21, No. 1 of March, 1995, David Magermanwrites:The $64,000 question in computational linguistics these daysis: What should I read to learn about statistical natural lan-guage processing? I have been asked this question over andover, and each time I have given basically the same reply: thereis no text that addresses this topic directly, and the best onecan do is �nd a good probability-theory textbook and a goodinformation-theory textbook, and supplement those texts withan assortment of conference papers and journal articles.� � �The overriding concern should be to learn (and teach) the ma-thematical underpinnings of the statistical techniques used inthis �eld. The �eld of statistical NLP is very young, and thefoundations are still being laid. Deep knowledge of the basicmachinery is far more valuable than the details of the mostrecent unproven ideas.So let's get down to it!
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Chapter 1Basic Statistics1.1 The Stability of the Relative FrequencyAlthough an elegant theory in its own right, the main reason that statisticshas grown as popular as it has is something that is known as \The stabilityof the relative frequency". This is the empirical observation that there issome structure also in random processes. If we for example 
ip a coin alarge number of times, we will note that in approximately half the casesthe outcome is \heads" and in approximately half the cases it is \tails". Ifwe 
ip a coin a small number of times, say only once, twice or three times,this is not consistently the case.The proportion of times a certain outcome occurs is called the relativefrequency of the outcome. If nu is the number of times the outcome u occursin n trials, then nun is the relative frequency of u. The relative frequencyis often denoted fn.Empirically, there seems to be some number which the relative frequencystabilizes around after a large number of trials. A fundamental assumptionin statistics is that such numbers exist. These numbers are called probabi-lities.1.2 Elementary Probability TheoryIntroductory presentations of statistics often disguise probability theory inset theory, and this is no exception.1.2.1 Sample SpaceThe sample space is a set of elementary outcomes. An event is a subset ofthe sample space. Sample spaces are often denoted 
, and events are oftencalled A, B, C, etc. Let's get this grounded with an example:Example: For a normal die1, the six elementary outcomes areOne, Two, Three, Four, Five and Six, and thus the sample space
 is the set fOne;Two;Three;Four;Five; Sixg. The events arevarious subsets of this set, e.g., \the outcome is One", fOneg;\the outcome is less than four", fOne;Two;Threeg; the out-come is odd, fOne;Three;Fiveg; etc. In fact, there are 26 = 641\Die" is the singular form of \dice", a sort of mechanical random generators used ingames like Craps, Monopoly and Fia-med-knu�.1



2 CHAPTER 1. BASIC STATISTICSdi�erent subsets of 
, i.e., there are 64 distinct events in 
,including the empty set ; and 
 itself, see Section 1.2.7.Statisticians are a kind of mathematicians, and like to distinguish betweenfor example the outcome One, which is a basic element, and the eventfOneg, which is a set consisting of one element. We will try to keep thisup for a while.1.2.2 Probability MeasuresA probability measure P is a function from events in the sample space 
,i.e., from the set of subsets of 
, 2 to the set of real numbers in [0; 1] thathas the following properties:1) 0 � P (A) � 1 for each event A � 
2) P (
) = 13) A \B = ; ) P (A [B) = P (A) + P (B)Intuitively, the total mass of 1 is distributed throughout the set 
 by thefunction P . This will assign some particular mass to each subset A of 
.This mass is the probability of event A, denoted P (A). A\B = ; meansthat A and B are disjoint, i.e., that they have no common element.Example: For a fair (unbiased) die, where as we recall thesample space is the set fOne;Two;Three;Four;Five; Sixg, themass 1 is evenly and justly divided among the six di�erent sin-gleton sets. Thus P (fOneg) = P (fTwog) = P (fThreeg) =P (fFourg) = P (fFiveg) = P (fSixg) = 16. If A is the event ofthe outcome being divisible by two, i.e., the subset fTwo;Four; Sixg,and if B is the event of the outcome being divisible by three,i.e., the subset fThree; Sixg, then P (A) = 12 and P (B) = 13.A loaded die, used by cheaters, would not have the probabi-lity mass as evenly distributed, and could for example assignP (fSixg) a substantially larger value than 16.Some immediate corollaries that are worth remembering fall out fromthe de�nition of a probability measure:a) P (B nA) = P (B) � P (A \B)b) A � B ) P (A) � P (B)c) P ( �A) = 1� P (A)d) P (;) = 0e) P (A [B) = P (A) + P (B)� P (A\B)B n A denotes the di�erence set B minus A, i.e., the set of elements in Bthat are not members of A. �A denotes the complement of A, i.e., 
 nA.Proofs:a) B = (B nA) [ (A \B) ; (B nA) \ (A \B) = ; )P (B) = P ((B nA) [ (A \B)) = P (B nA) + P (A \B)2This is called the power set of 
 and is denoted 2
.



1.2. ELEMENTARY PROBABILITY THEORY 3b) A � B ) A \B = A0 � P (B nA) = P (B) � P (A \B) = P (B) � P (A)c) �A = 
 nA ; A \ 
 = A )P ( �A) = P (
 nA) = P (
)� P (A \ 
) = 1� P (A)d) A = A [ ; ; A \ ; = ; )P (A) = P (A [ ;) = P (A) + P (;)e) A [B = A [ (B nA) ; A \ (B nA) = ; )P (A [B) = P (A [ (B nA)) = P (A) + P (B nA) == P (A) + P (B)� P (A \B)2Note how a) follows from 3) and how a) is used to prove b), c) and e).However, d) follows more easily from 3) directly.1.2.3 IndependenceThe probability of two events A and B both occurring is the probability ofthe intersection of the sets A and B, P (A \B).Two events A and B are said to be independent i�3P (A \B) = P (A) � P (B) (1.1)Intuitively, this means that the probability of A and B occurring simulta-neously can be established directly from the individual probabilities of Aand B.Example: To continue the example of the fair die, with theevents A of the outcome being divisible by two and B of theoutcome being divisible by three, we note that P (A \ B) =P (fSixg) = 16, and that P (A) �P (B) = 12 � 13 = 16. Thus A andB are independent.Let C be the event of the outcome being divisible by four andnote that P (C) = P (fFourg) = 16. Intuitively, the propertyof being divisible by four is related to the property of beingdivisible by two, and if we calculate on the one hand P (A\C) =P (fFourg) = 16, and on the other hand P (A) � P (C) = 12 � 16 =112, we see that A and C are not independent.1.2.4 Conditional ProbabilitiesP (A j B) is a so-called conditional probability , namely the probability ofevent A given that event B has occurred, and is de�ned asP (A j B) = P (A \B)P (B) (1.2)This is the updated probability of A once we have learned that B hasoccurred. P (A) is often called the prior probability of A since we have no3\I�" means if and only if.



4 CHAPTER 1. BASIC STATISTICSprior information, while P (A j B) is called the posterior probability of A(knowing B), since it is de�ned posterior to that, that event B occurred.Intuitively, after the event B has occurred, an event A is replaced by theevent A \B, and the sample space 
 is replaced by the event B, and theprobabilities are renormalized accordingly, which means dividing by P (B).The probability of an event A can change drastically when one learnsthat some other event has occurred. The following example is rather ex-treme, but illustrates this point:P (A j A) = 1P (A j �A) = 0Now, if A and B are independent, then P (A \ B) = P (A) � P (B) andthus P (A j B) = P (A \B)P (B) = P (A) �P (B)P (B) = P (A). This means that nonew information is gained about A by knowing that B has occurred.Example: Again continuing the example of the fair die, withthe events A of the outcome being divisible by two, B of theoutcome being divisible by three, and C of the outcome being di-visible by four, we note that P (A j B) = P (A \B)P (B) = 1613 = 12 =P (A), as should be, considering that A and B are independent.On the other hand, P (A j C) = P (A \ C)P (C) = P (fFourg)P (fFourg) = 1 6=P (A) = 12, since A and C are not independent.1.2.5 Bayesian InversionEither by returning to the de�nition of conditional probability, Eq. (1.2),or by noting that if both A and B are to occur, then �rst B must occur,and then A must occur, or the other way around, we can establish thatP (B) � P (A j B) = P (A \B) = P (A) � P (B j A)This directly gives us the Bayesian inversion formula4:P (A j B) = P (A) � P (B j A)P (B) (1.3)This formula relates the probability of an event A conditional on anotherevent B, i.e. P (A j B), with the probability of event B conditional on eventA, P (B j A), and is useful if the former quantity is not easily determined,while the latter is.Example: We turn again to the example of the fair die, withthe events A of the outcome being divisible by two, B of theoutcome being divisible by three, and C of the outcome beingdivisible by four. If we wish to calculate P (C j A), i.e., theprobability that the outcome is divisible by four given that itis divisible by two, we observe that the probability P (A j C)4The formula is of almost religious importance to so-called Bayesianists, see [Pearl1988], pp. 29{41.



1.2. ELEMENTARY PROBABILITY THEORY 5is 1, since divisibility by four implies divisibility by two, andrecalling that P (A) = 12 and that P (C) = 16, we can establishthat P (C j A) = P (C) �P (A j C)P (A) = 16 � 112 = 13.1.2.6 PartitionsAssume that we have a collection fAi : i = 1; : : : ; Ng of events (sets) suchthat 
 = N[i=1AiAi \Aj = ; for i 6= j.The �rst equality means that the sets Aj cover the sample space 
 andthe second equality states that all events Ai are disjoint. This situationis illustrated in Figure 1.1. We say that fAi : i = 1; : : : ; Ng constitutes a
A 1

A 2
A 3A 4

A 5

Ω

Figure 1.1: The sets A1 through A5 constitute a partition of 
.partition of 
 and we can establish the following formula:P (B) = P (B \ 
) = P (B \ N[i=1Ai) = (1.4)= P ( N[i=1B \Ai) = NXi=1 P (B \Ai) = NXi=1 P (B j Ai) � P (Ai)This can be seen as follows: Since the sample space 
must contain the eventB, B equals B\
. Thus the probabilityP (B) is the same as the probabilityP (B \ 
). As the sample space consists of the union of the disjoint eventsAi, we have 
 = N[i=1Ai, and we can thus write P (B \ N[i=1Ai) instead ofP (B \ 
). Now, B \ N[i=1Ai is equivalent to N[i=1B \ Ai, and we can thus



6 CHAPTER 1. BASIC STATISTICSrewrite P (B\ N[i=1Ai) as P ( N[i=1B\Ai). Furthermore, the probability of theunion of disjoint events equals the sum of the probability of the individualevents. Thus P ( N[i=1B \ Ai) = NXi=1 P (B \ Ai). The last equality of theequation follows from the de�nition of conditional probabilities, Eq. (1.2).Equation 1.4 is very useful when there is a natural partition fAig of
, and it is easy to calculate the probabilities P (Ai) and the conditionalprobabilities P (B j Ai).Example: In the example of the fair die, one way one could de-termine the probability of event B, that the outcome is divisibleby three, is to use the natural partition A1 = fOneg; : : : ; A6 =fSixg where P (Ai) = 16 for all i, and where P (B j Ai) is 1 if iis divisible by 3 and 0 if it is not. Thus P (B) = 0 � 16 + 0 � 16 +1 � 16 + 0 � 16 + 0 � 16 + 1 � 16 = 13.1.2.7 CombinatoricsAnd now for something completely di�erent: This section contains someresults from elementary combinatorics that will be needed later, e.g., inSection 1.5.1.The following table summarizes the number of di�erent ways k elementscan be selected from n elements. This is in fact an instance the muchdreaded \urn and balls" scenario, which has plagued statistics as long asanyone can remember. This particular incarnation can be viewed as theeven more feared \Lotto" scenario where the urn contains n balls numberedfrom 1 to n, and where we will at random draw a ball k times. In doingthis, we may or may not replace selected elements, i.e., we may or may notput the drawn ball back into the urn, and we may or may not be interestedin the order in which they are selected. This gives us four di�erent cases:Without replacement With replacementOrdered (n)k nkUnordered � nk � � n+ k � 1k �Here n! = n � (n� 1) � : : : � 1(n)k = n � (n� 1) � : : : � (n� k + 1) = n!(n� k)!nk = k factorsz }| {n � : : : � n� nk � = (n)kk! = n!(n� k)!k!n! is read out \n factorial". By de�nition 0! = 1. In particular, the numberof permutations of n elements is (n)n = n!. � nk � is read out \n over k".



1.2. ELEMENTARY PROBABILITY THEORY 7We devote the rest of the section to proofs of these formulas:Ordered, without replacement:We wish to select k items from n items, where selected items are not re-placed, and where we are interested in the order in which they are selected.First we have n possible choices, then we have n � 1 choices left, sincewe have removed one item, etc., down to the kth choice, where we haven� (k�1) = n�k+1 alternatives. Thus n � (n�1) � : : : � (n�k+1) = (n)kpossibilities in total. 2Ordered with replacement:We wish to select k items from n items, where selected items are replaced,and where we are interested in the order in which they are selected. Firstwe have n possible choices, then we have again n possible choices, since weput back the selected item, etc., down to the kth choice, where we still haven alternatives. Thus nk possibilities in total. 2Unordered without replacement:We wish to select k items from n items, where selected items are not re-placed, and where we are not interested in the order in which they areselected. We will �rst select k items paying attention to the order. Thenthere are (n)k possibilities. For each set of k di�erent items, there willbe k! permutations of them. Thus among these (n)k sequences of k itemsthere are for each such set k! sequences that should be considered to be thesame, since we are not interested in the order in which items are selected.We will then factor out this by dividing (n)k by k!. In short:#unordered without replacement = #ordered without replacement#permutations =(n)kk! = � nk �. Thus � nk � possibilities in total. 2Unordered with replacement:We wish to select k items from n items, where selected items are replaced,and where we are not interested in the order in which they are selected. Tothis end, we make a list of the n items, and make a tick beside \i" eachtime we select item i; i = 1; : : : ; n:k 1 : : : i j : : : nn j : : : j j j : : : jWe can represent this by a sequence of n zeros and k ones, where thenumber of ones immediately preceding the ith zero indicates the number oftimes item i is selected: nz }| {0 : : :00 : : :010 : : :11010 : : :10| {z }n+ kThus, this reduces to selecting k elements (ones) from n+k�1 elements wit-hout replacement, and where the order is not signi�cant. (The \minus one"is since the last digit cannot be a one.) Thus � n+ k � 1k � possibilitiesin total. 2The last two proofs used the well-known tactics of mathematicians ofreducing to Case One.Story time: Amathematician is faced with the following scena-rio: A bucket, a well and a house on �re. He immediately �ndsthe correct solution of using the bucket to fetch water from the



8 CHAPTER 1. BASIC STATISTICSwell and extinguish the �re. Next, the mathematician is facedwith the scenario of a bucket, a well and a house that is not on�re. He rapidly sets �re to the house and reduces the problemto Case One.1.3 Stochastic VariablesA stochastic, or random, variable � is a function from a sample space 
to R, the set of real numbers. Thus, if u 2 
, then �(u) 2 R. Figure 1.2illustrates this. It may seem strange to call a function a variable, but thisconvention will die hard, if ever. There are two dominant conventions fordenoting stochastic variables | one using Greek letters like �; �; �; : : : andthe other using Roman capital letters X;Y; Z; : : : We will use the formerconvention.
Ω

u

ξ (u) RFigure 1.2: A random variable is a function from 
 to R.Example: The running example of the fair die does not illu-strate this very well, since there is a mapping form the sam-ple space 
 = fOne;Two;Three;Four;Five; Sixg to the subsetf1; 2; 3; 4;5; 6g of R that is so obvious, that it seems arti�cialto distinguish between the two. However, let us de�ne thestochastic variable � as the function from 
 to R such that�(One) = 1; �(Two) = 2; : : : ; �(Six) = 6.1.3.1 Distribution FunctionLet A be a subset of R, and consider the inverse image of A under �, i.e.,��1(A) = fu : �(u) 2 Ag � 
. We will let P (� 2 A) denote the probabilityof this set, i.e., P (��1(A)) = P (fu : �(u) 2 Ag) = P (� 2 A). See Figure 1.3.If A is the interval (�1; x],5 then the real-valued function F de�ned byF (x) = P (fu : �(u) � xg) = P (� � x) for all x 2 Ris called the distribution function of the random variable �. Sometimes F isdenoted F� to indicate that it is the distribution function of the particularrandom variable �.5(a; b) denotes an open interval, while [a; b] denotes a closed interval, i.e., in the formercase a and b do not belong to the interval, while in the latter case they do.
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ξ -1(A)

Ω

R
AFigure 1.3: P (� 2 A) is de�ned through P (��1(A)) = P (fu : �(u) 2 Ag).Example: In the reappearing example of the fair die, the dis-tribution function F� is de�ned byF�(x) = 8>>>>>>>>>>>>>>>>>>>>>>>><>>>>>>>>>>>>>>>>>>>>>>>>:

06 = 0 for x < 1;16 for 1 � x < 2;26 = 13 for 2 � x < 3;36 = 12 for 3 � x < 4;46 = 23 for 4 � x < 5;56 for 5 � x < 6;66 = 1 for 6 � x:The graph of this function is depicted in Figure 1.4.Some rather useful corollaries that are worth remembering include:a) P (� > x) = 1� F (x)b) P (a < � � b) = F (b)� F (a)c) F is a nondecreasing function, i.e. if x1 < x2, then F (x1) � F (x2).d) limx!�1F (x) = 0e) limx!1F (x) = 1The proofs of a{c) are left as an exercise.1.3.2 Discrete and Continuous Stochastic VariablesThe image of the sample space 
 in R under the random variable �, i.e.,the range of �, is called the sample space of the stochastic variable � and is
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F(x)

xFigure 1.4: Fair die: Graph of the distribution function.denoted 
�. In short 
� = �(
).Stochastic variables come in several varieties. Two common types arediscrete and continuous stochastic variables:� A random variable is discrete i� 
� is �nite or countable.� A random variable is continuous i�1. F is continuous, and2. F is di�erentiable with a continuous derivative except in at mosta �nite number of points.The attentive reader may have noticed that Calculus is entering into thispresentation through the back door. This is really necessary for a goodunderstanding of the subject, in particular of continuous random variables,and we refer those interested in this to some introductory book on calculusuntil we have had time to include an appendix on the topic.Example: In the persistent example of the fair die, 
� =f1; 2; 3; 4;5; 6g, and � is thus a discrete random variable.1.3.3 Frequency FunctionAnother convenient way of characterizing a random variable is by its fre-quency function f :� For a discrete random variable, f(x) = P (� = x).� For a continuous random variable, f(x) = F 0(x) = ddxF (x). 66F 0(x) = ddxF (x) = limh!0 F (x+ h)� F (x)h is the derivative of the function F atpoint x. Intuitively, this is the slope of the curve at point x when F (x) is plotted againstx.



1.3. STOCHASTIC VARIABLES 11Sometimes f is denoted f� to indicate that it is the frequency functionof the particular random variable �. The frequency function of a discretestochastic variable is often referred to as the probability function, and thefrequency function of a continuous stochastic variable is often referred toas the probability density function.Example: Continuing the perannial example of the fair die, we�nd that the frequency function f� isf�(1) = f�(2) = f� (3) = f� (4) = f�(5) = f�(6) = 16This is an example of a uniform distribution, i.e., f(x) has thesame value for all elements in 
� . Note that a uniform distribu-tion can only be assigned to a �nite or bounded sample space.Figure 1.5 shows the graphical representation of the frequencyfunction f� .
1 3 5 6

6

2

1

4
x

f(x)

Figure 1.5: Fair die: Graph of the frequency functionThe probabilities of events can be calculated from the frequency function:� For a discrete random variableP (� 2 A) = Xx2A f�(x)and in particularP (� � x) = F�(x) = Xi:xi�x f�(xi)� For a continuous random variable,P (� 2 A) = ZA f�(x) dx



12 CHAPTER 1. BASIC STATISTICSand in particularP (� � x) = F�(x) = Z x�1 f�(t) dtSince all probabilities must sum to one, we have:� For a discrete random variableP (
�) = Xx2
� f�(x) = 1� For a continuous random variableP (
�) = Z 1�1 f�(x) dx = 11.3.4 Expectation ValueThe expectation value or statistical mean of a stochastic variable �, denotedE[�], is de�ned as follows:� For a discrete random variableE[�] = Xx2
� x � f(x) = Xi xi � f(xi)� For a continuous random variableE[�] = Z 1�1 x � f(x) dxExpectation values are often denoted �. The expectation value is the ave-rage value of the outcome of the random variable weighted by probability,indicating the center of gravity of �.Example: Continuing the notorious example of the fair die,E[�] = 6Xi=1 i � 16 = 6 � 72 � 16 = 72Note that this is not a possible value for �.A random variable can be a function of another random variable, i.e.,� = g(�). The expectation value of the random variable � can be calculatedfrom the frequency function f� of �:� For a discrete random variableE[�] = E[g(�)] = Xx2
� g(x) � f�(x) = Xi g(xi) � f�(xi)� For a continuous random variable,E[�] = E[g(�)] = Z 1�1 g(x) � f�(x) dxAs we shall soon see, this trick can come in quite handy.Example: Continuing the long-lasting example of the fair die,if � = �2, thenE[�] = E[�2] = 6Xi=1 i2 � 16 = 916
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xFigure 1.6: Fair die: Expectation value (mean)1.3.5 VarianceThe variance of a stochastic variable �, denoted Var[�], is de�ned as theexpectation value of (� � �)2, where � = E[�], i.e., Var[�] = E[(� � �)2].� For a discrete random variable, this means thatVar[�] = Xx2
�(x� �)2 � f(x)� For a continuous random variable, the corresponding expression isVar[�] = Z 1�1(x� �)2 � f(x) dxVariances are often denoted �2. The variance is a measure of how spreadout the probability mass is from the center of gravity �. � itself is referredto as the standard deviation.Example: Continuing the inextinguishable example of the fairdie, Var[�] = 6Xi=1(i� 72)2 � 16 = 3512From the point of view of elementary Mechanics, the variance is simplythe quadratic moment about the center of gravity, and Steiner's Theoremfrom Mechanics can sometimes be useful for calculating Var[�]:Var[�] = E[�2]� (E[�])2 or (1.5)�2 = E[�2]� �2



14 CHAPTER 1. BASIC STATISTICSExample: Continuing the eternal example of the fair die,Var[�] = E[�2]� (E[�])2 = 916 � 494 = 182� 14712 = 3512which is the same result as when using the de�nition directly.1.3.6 Moments and Moment-Generating FunctionsIn general, the expectation value of �r, i.e., E[�r], is known as the rthmoment of �, denoted �r. This means that E[�] = �� = �1 and that theexpectation value of the square of �, which just �gured in Steiner's Theorem,is the second moment of �, i.e., E[�2] = �2. If we instead calculate theexpectation value of E[(���)r ], we have the rth central moment of � about�. We see that the variance is the second central moment of � about �.The moment-generating function m(t) of � is de�ned asm(t) = E[et�] = Xx2
� extf�(x)for a discrete random variable and for a continuous random variable asm(t) = E[et�] = Z 1�1 extf�(x) dxThis sum or integral doesn't necessarily converge for any value of t, but ifit does so for all t around zero, i.e., in �h < t < h for some h > 0, we arein business. We then havedrdtrm(t) = Z 1�1 xrextf�(x) dxand if we let t tend to zero, we �nd thatdrdtrm(0) = Z 1�1 xrf�(x) dx = E[�r] = �rSo in this sense, m(t) generates all moments of �. In view of the series ex-pansion of the function ex discussed in Appendix C.3, this is not altogethertoo surprising.1.4 Two-dimensional Stochastic VariablesLet � and � be two random variables de�ned on the same sample space
. Then (�; �) is a two-dimensional random variable from 
 to 
(�;�) =f(�(u); �(u)) : u 2 
g � R2. Here, R2 = R � R is the Cartesian productof the set of real numbers R with itself. This is illustrated in Figure 1.7.We can pull o� the same sort of stunts with two-dimensional stochasticvariables as with one-dimensional stochastic variables.1.4.1 Distribution FunctionThe distribution function of the two-dimensional random variable (�; �) isde�ned as follows:F (x; y) = P (� � x; � � y) = P (fu : �(u) � x; �(u) � yg) for all (x; y) 2 R2This is called the joint , or bivariate, distribution of � and � and P (� 2A; � 2 B) is called the joint probability of � 2 A and � 2 B.
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(u)η

ξ (u)

ξ (u) (u)η,( )

R2

u

y

Ω

xFigure 1.7: A two-dimensional random variable is a function from 
 to R2.1.4.2 Frequency FunctionThere are discrete and continuous versions of two-dimensional random va-riables, and they all have frequency functions:� A two-dimensional random variable (�; �) is discrete i� 
(�;�) is �niteor countable. The frequency function f of (�; �) is then de�ned byf(x; y) = P (� = x; � = y) = P ((�; �) = (x; y)) for (x; y) 2 R2� A two-dimensional random variable is continuous i� the distributionfunction F (x; y) can be written asF (x; y) = Z x�1 Z y�1 f(u; v) dv dufor some non-negative integrable function f . The function f is thencalled the frequency function of (�; �).Thus, for all two-dimensional stochastic variables we have f(x; y) � 0.For a continuous variable we also have7f(x; y) = @2@x@yF (x; y) andZ 1�1 Z 1�1 f(u; v) dv du = 1:Furthermore, for A � 
(�;�)P ((�; �) 2 A) = X(x;y)2A f(x; y) if (�; �) is discrete, andP ((�; �) 2 A) = ZA f(x; y) dx dy if (�; �) is continuous.7The curly derivative @@x is the partial derivative w.r.t. x.



16 CHAPTER 1. BASIC STATISTICSIntuitively, a two-dimensional stochastic variable de�nes a mass distributionin the real plane. For a discrete variable, f(x; y) is the mass at point (x; y);for a continuous variable, f(x; y) is the density at point (x; y).We can recover the frequency functions of either of the individual va-riables by summing, or integrating, over the other:If (�; �) is discrete, we havef�(x) = Xy2
� f(x; y) and f�(y) = Xx2
� f(x; y)and if (�; �) is continuous, we havef�(x) = Z 1�1 f(x; y) dy and f�(y) = Z 1�1 f(x; y) dxIn this context, f� is often referred to as the marginal distribution of �, andsimilarly for f� .1.4.3 IndependenceTwo stochastic variables � and �, de�ned on the same sample space, aresaid to be independent i�P (� 2 A; � 2 B) = P (� 2 A) � P (� 2 B) (1.6)for all subsets A and B of R.Not very surprisingly, � and � being independent is equivalent to� F(�;�)(x; y) = F�(x) � F�(y) for all (x; y) 2 R2; or� f(�;�)(x; y) = f�(x) � f�(y) for all (x; y) 2 R2.1.4.4 Functions of Stochastic VariablesFinally, we look at functions of two random variables, �(u) = g(�(u); �(u)).For the expectation value of g(�; �) we haveE[g(�; �)] = X(x;y)2
(�;�) g(x; y) � f(�;�)(x; y) if (�; �) is discreteE[g(�; �)] = Z 1�1 Z 1�1 g(x; y) � f(�;�)(x; y) dy dx if (�; �) is continuous.Let �; � and �1; : : : ; �n be random variables de�ned on the same samplespace 
, and let a be a real number. The following formulas are worthmemorizing: a) E[a � �] = a � E[�]b) E[� + �] = E[�] + E[�]c) E[�1 + : : :+ �n] = E[�1] + : : :+ E[�n]d) Var[a � �] = a2 �Var[�]If we in addition to this require that �; � and �1; : : : ; �n are independent,we get the following useful formulas:a) E[� � �] = E[�] � E[�]b) E[�1 � : : : � �n] = E[�1] � : : : � E[�n]c) Var[� + �] = Var[�] + Var[�]d) Var[�1 + : : :+ �n] = Var[�1] + : : :+ Var[�n]



1.4. TWO-DIMENSIONAL STOCHASTIC VARIABLES 17We will later have reason to pay attention to sums of stochastic varia-bles. The frequency function f(�+�)(x) of the sum �+� can be derived fromthe joint frequency function f(�;�)(x; y). In the continuous case we haveF(�+�)(x) = P (� + � � x) = Zu+v�x f(�;�)(u; v) du dv == Z 1�1 Z x�u�1 f(�;�)(u; v) dv duNowf(�+�)(x) = ddxF(�+�)(x) = ddx Z 1�1 Z x�u�1 f(�;�)(u; v) dv du == Z 1�1 ddx Z x�u�1 f(�;�)(u; v) dv du = Z 1�1 f(�;�)(u; x� u) duIn particular, if � and � are independent, we have f(�;�)(x; y) = f�(x)f�(y)and thus f(�+�)(x) = Z 1�1 f�(u)f�(x� u) duExample: Let �i : i = 1; 2; : : : be independent random varia-bles with frequency function �e��x. (This particular frequencyfunction will be discussed in Section 1.5.3.) Thenf(�1+�2)(x) = Z 1�1 f�1 (u)f�2 (x� u) du == Z x0 �e��u�e��(x�u) du = Z x0 �2e��x du == �2e��x Z x0 du = �2xe��xIf we have the sum of three variables, we can establish thatf(�1+�2+�3)(x) = Z 1�1 f(�1+�2)(u)f�3 (x� u) du == Z x0 �2ue��u�e��(x�u) du = �3e��x Z x0 u du == �3x22 e��xIn general we �nd that f(�1+:::+�n)(x) = �n xn�1(n� 1)!e��xSo what is the expectation value of the maximum of n independentobservations of the same random variable �?Fmax(�1;:::;�n)(x) = P (max(�1; : : : ; �n) � x) = nYi=1P (�i � x) = (F�(x))nDerivation immediately yields:fmax(�1;:::;�n)(x) = F 0max(�1 ;:::;�n)(x) = n(F�(x))n�1f�(x)



18 CHAPTER 1. BASIC STATISTICSThus we haveE[max(�1; : : : ; �n)] = Z
 xfmax(�1;:::;�n)(x)dx = Z
 xn(F�(x))n�1f�(x)dxIf for example � has a uniform distribution on the interval (a; b), i.e., if� � U (a; b), see Section 1.5.3, thenE[max(�1; : : : ; �n)] = Z
 xn(F�(x))n�1f�(x)dx = Z ba xn(x� ab� a )n�1 dxb� a == Z ba n(x� ab� a )ndx+ Z ba n(x� ab� a )n�1 ab� adx == n(b� a)n+ 1 [(x� ab� a )n+1]ba + nan [(x� ab� a )n]ba = nn+ 1(b� a) + a1.4.5 Higher DimensionsAll this can easily be generalized to several variables.1.5 Selected Probability DistributionsSome particular types of stochastic variables pop up quite often, and theirdistributions are given special names. In the following, we will discuss indetail some probability distributions, namely the Binomial and Normal (orGaussian) distributions, and present more brie
y a number of other ones.1.5.1 Binomial DistributionA common situation is when we repeat an experiment a number of timesand see how many times some particular outcome occurs. For example,assume that we 
ip a coin a number of times, and count the number oftimes \heads" comes up.Let 
 = fu; vg be a basic sample space (where in our example say u is\heads") and let � be the number of times u occurs in n independent trials.The stochastic variable � is then de�ned on the sample spacen factorsz }| {fu; vg � fu; vg � : : :� fu; vgand an outcome in this sample space can be described as a string of lengthn over the alphabet fu; vg, e.g., if n = 5, uvvuu. This is mapped to a realnumber, in this case 3, since this string contains three us. Thus, the valueof � is a natural number between 0 and n, i.e. 
� = f0; 1; : : : ; ng, and � isa discrete random variable, since this set is �nite.In general, let p be the probability of an event u. If � is the number oftimes u occurs in n independent trials, then � has a Binomial distributionwith parameters n and p. This is often denoted � � binfn,pg. We willnow try to establish the frequency function of a stochastic variable with aBinomial distribution. Assume that event u has probability p and event vhas probability q = 1 � p. Then for example the sequence uvvuu has pro-bability pqqpp = p3q2. In fact, any sequence with three us and two vs hasprobability p3q2. Now, there are ten di�erent such strings, i.e., there areten outcomes in fu; vg�fu; vg�fu; vg�fu; vg�fu; vg that map to 3, namelyuuuvv; uuvuv; uuvvu; uvuuv; uvuvu; uvvuu; vuuuv; vuuvu; vuvuu and vvuuu.



1.5. SELECTED PROBABILITY DISTRIBUTIONS 19Each of these outcomes has probability p3q2. Thus the probability of get-ting exactly three \heads" in �ve 
ips is 10 � (12)3 � (12)2 = 1032 = 0:3125.Similarly, we can compute the probability of getting exactly zero, one,two, four or �ve heads in �ve independent trials of the coin-
ipping expe-riment. Figure 1.8 shows the resulting probabilities, and Figure 1.9 gives agraphical representation of the distribution.k 0 1 2 3 4 5 PP (� = k) 132 532 1032 1032 532 132 1Figure 1.8: The probability of getting 0; 1; 2; 3; 4; 5 heads in 5 independenttrials.
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kFigure 1.9: The probability distribution when 
ipping a coin �ve times.In general, any string of k us and n�k vs will have probability pkqn�k.Now, there are � nk � = n!(n� k)!k! distinct such strings, as explainedin detail in Section 1.2.7. Thus, the probability P (� = k) = f�(k) =� nk �pkqn�k.In words, the probability P (� = k), de�ning the frequency functionf�(k), is the product of the number of possible ways of selecting k itemsfrom n items, � nk �, and the probability of each such possibility, pkqn�k.This is valid for k = 0; : : : ; n.This gives us the frequency function of a binomially distributed variable:f�(k) = � nk � pk(1� p)n�k; k 2 f0; 1; : : :; ng; 0 < p < 1 (1.7)



20 CHAPTER 1. BASIC STATISTICSThis distribution is parameterized by the probability p of the particularoutcome u, and n, the number of trials.It is easy to establish that if a random variable � � bin(n,p), then:P (� 2 
�) = nXk=0� nk �pk(1� p)n�k = 1F�(x) = P (� � x) = xXk=0f�(k) = xXk=0� nk � pk(1� p)n�kE[�] = nXk=0 k �� nk � pk(1� p)n�k = npVar[�] = nXk=0(k � np)2 �� nk �pk(1� p)n�k = np(1� p)The �rst three equations should come as a surprise to no one. The �rstequation simply states that the probability of u happening either zero,one, two, : : : or n times in n trials is one, i.e., that the probability of theentire sample space is one. The second equation expresses the distributionfunction F�(x) in terms of the frequency function f�(x). The third equationstates that the average number of times u will happen in n trials is n � p,where p is the probability of u.If fn is the relative frequency of event u, i.e., fn = �n , we have:E[fn] = E[ �n ] = 1nE[�] = 1nnp = pVar[fn] = Var[ �n ] = 1n2Var[�] = 1n2np(1� p) = p(1� p)n1.5.2 Normal DistributionThe Normal or Gaussian distribution, named after the German mathe-matician Carl Friedrich Gauss (1777{1855), famous for �guring on the 10Mark bank notes together with the distribution function below, is probablythe most important distribution around. This is due to the Central LimitTheorem presented in Section 1.6. Due to its importance, a number ofother probability distributions have been derived from it, e.g., the �2 andt distributions, see Section 1.5.3.We will not beat around the bush, but give the hard-core de�nitiondirectly: Let � be a normally distributed random variable with expectationvalue � and variance �2, denoted � � N (�; �). Then the frequency functionf�(x) is f�(x) = 1�p2�e� (x��)22�2 ; x 2 RNice �gure needed here!Since f�(x) > 0; x 2 R, andZ 1�1 1�p2�e� (x��)22�2 dx = Z 1�1 1p� e�t2 dt = 1



1.5. SELECTED PROBABILITY DISTRIBUTIONS 21this is a proper frequency function8, and since the distribution function isF�(x) = Z x�1 1�p2�e� (t��)22�2 dtthe associated random variable is continuous.See Appendix C.3 for a discussion of the number e, the exponentialfunction ex, and the natural logarithm function lnx. e� (x��)22�2 is simply exwith � (x� �)22�2 instead of x.Next, we will prove that the parameters � and �2 are indeed the expec-tation value and the variance of the distribution.Proofs:E[�] = Z 1�1 x�p2�e� (x��)22�2 dx == 1p� Z 1�1 x� ��p2 e�( x���p2 )2 dx+ 1p� Z 1�1 ��p2e�( x���p2 )2 dx == 0 + 1p� ��p2 Z 1�1 e�t2�p2 dt = �p� Z 1�1 e�t2 dt = �The �rst equality is obtained by subtracting and adding thesame thing. The �rst integral is zero, since the integrand g(x) isantisymmetric around �, i.e., g(��y) = �g(�+y), which can betaken as the midpoint of the integration interval (�1;1), andthe contributions cancel out. The second integral is rewrittenby moving out a bunch of constants from the integral and usingthe variable substitution t = x� ��p2 ; dt = dx�p2 . 2Var[�] = Z 1�1 (x� �)2�p2� e�( x���p2 )2 dx = �2p� Z 1�1 2t2e�t2 dt == �2p� [�te�t2 ]1�1 + �2p� Z 1�1 e�t2 dt = 0 + �2 = �2First, the integral is rewritten using the same variable substi-tution as in the previous proof. Then the integral is partiallyintegrated, reducing it to an integral with a known value. 2The distribution de�ned above is parameterized by the expectation va-lue � and the standard deviation �. An important special case is when� = 0 and � = 1. This is called the Standard Normal distribution. Thefrequency function is denoted �(x) and the distribution function �(x). Inthis case the random variable is said to be N (0; 1). From any normallydistributed random variable � � N (�; �) we can derive another random va-riable � = � � �� � N (0; 1), i.e., that has a Standard Normal distribution.We will prove this shortly. We can thus recover the Normal distributionfunction for any mean and standard deviation using a table of the StandardNormal distribution. An example of such a table is given in Section 1.5.4.If � � N (�; �); �1 � N (�1; �1) and �2 � N (�2; �2) are independent anda is a real constant, then8Z 1�1 e�t2 dt = p�, see Appendix C.3.



22 CHAPTER 1. BASIC STATISTICS1. a� � N (a�; a�),2. � + a � N (�+ a; �) and3. �1 + �2 � N (�1 + �2;p�21 + �22).Proofs: We �rst note that the expectation values and variancesare what they are claimed to be by the formulas at the end ofSection 1.4. These results will however fall out from the proofsthat the new variables are normally distributed.1. Fa�(x) = P (a� � x) = P (� � x=a) = F�(x=a) == Z x=a�1 1�p2�e� (t��)22�2 dt = � u = atdu = adt � == Z x�1 1�p2�e� ( ua��)22�2 dua = Z x�1 1a�p2�e� (u�a�)22(a�)2 du == Z x�1 1�0p2�e� (u��0)22�02 duwith �0 = a� and �0 = a�. 22. F�+a(x) = P (� + a � x) = P (� � x� a) = F�(x� a) == Z x�a�1 1�p2�e� (t��)22�2 dt = � u = t+ adu = dt � == Z x�1 1�p2�e� (u�(�+a))22�2 du == Z x�1 1�p2�e� (u��0)22�2 duwith �0 = �+ a. 23. f�1+�2 (x) == Z 1�1 1�1p2�e� (u��1)22�21 � 1�2p2�e� (x�u��2)22�22 du = : : : == 1�0p2�e� (x��0)22�02with �0 = �1 + �2 and �02 = �21 + �22. 2This in turn means that if �i � N (�i; �i); i = 1; : : : ; n are independent andai; i = 0; : : : ; n are real constants, thena0 + nXi=1 ai�i � N (�0; �0)�0 = a0 + nXi=1 ai�i�02 = nXi=1 a2i�2i



1.5. SELECTED PROBABILITY DISTRIBUTIONS 23In words: Any linear combination of independent normally distributed ran-dom variables has a Normal distribution. In particular, this proves that if� � N (�; �), then � � �� � N (0; 1).1.5.3 Other DistributionsThis section lists a number of other common distributions. The Uniformdistribution on a �nite set and on an interval pop up quite often. The Pois-son and Exponential distributions are included mainly for reference, andwill only feature occasionally in the following. The �2 and t distributionsare used for estimating the parameters of normally distributed stochasticvariables, as described in Section 1.7.� If the probability mass of a discrete random variable is evenly dividedon a �nite set fxi : i = 1; : : : ;Mg, we have a Uniform distribution ona �nite set; cf. our example of the fair die. This is obviously a discretedistribution. f(x) = 1M ; x 2 fxi : i = 1; : : : ;MgE[�] = 1M Xi xiVar[�] = 1M (Xi x2i � (Xi xi)2)� If the probability mass of a continuous random variable is evenlyspread out on a �nite interval (a; b), we have a Uniform distributionon an interval, denoted � � U (a; b). This is obviously a continuousdistribution. f(x) = 1b� a x 2 (a; b)E[�] = a+ b2Var[�] = (b� a)212� The Poisson distribution models a stream of impulses where the im-pulse probability is di�erentially proportional to the interval length,but where impulses in disjoint intervals are independent, and wherewe have translational invariance. 9 � is the number of impulses in aninterval of length t where c is the (di�erential) proportionality factor,and � = ct. Thus, this is a discrete distribution.f�(x) = �xx! e��x x 2 N; � > 0E[�] = �Var[�] = �� The Exponential distribution models �rst order decay, e.g., radioactivedecay. Here, � is the life span of an atom. Thus, this is a continuous9 insert what translat. invar. means



24 CHAPTER 1. BASIC STATISTICSdistribution. Incidentally, the time between two impulses in a Poissonprocess is exponentially distributed.f�(x) = �e��x x 2 R+; � > 0E[�] = 1�Var[�] = 1�2This distribution, parameterized by �, is denoted � � exp(�).� The discrete counterpart of the Exponential distribution is the Geo-metric or Pascal distribution over N+:p�(n) = p(1� p)n�1 n 2 N+; 0 < p < 1E[�] = 1pVar[�] = 1p2This distribution is parameterized by p, the probability of � takingthe value 1. Since this is a probability, we require 0 < p < 1.� Let �i � N (0; 1); i = 1; : : : ; r be independent. Then � = rXi=1 �2i has a�2 distribution, read out \chi-square distribution", with r degrees offreedom, denoted � � �2(r). This is a continuous distribution.f�(x) = 12 r2 �( r2)x r2�1e� x2 x 2 R+E[�] = rVar[�] = 2rwhere �(x) = Z 10 tx�1e�t dt; x 2 R+. Forget about the frequencyfunction and just remember that a �2-distributed variable with rdegrees of freedom has the same distribution as the sum of the squaresof r independent variables with a Standard Normal distribution.� Let � � N (0; 1) and � � �2(r) be independent. Then � = �p�=r hasa t distribution with r degrees of freedom, denoted � � t(r). This isa continuous distribution.E[�] = 0 for r > 1Var[�] = rr � 2 for r > 2You don't want to know the frequency function. For large rs, � isapproximately � N (0; 1).1.5.4 Distribution TablesIt is cumbersome to use the frequency functions of the above distributionsdirectly for calculations, so tables are compiled that list the solution to the



1.6. SOME THEORETICAL RESULTS 25equation F (xp) = p for a number of interesting probabilities p. xp is calledthe p � 100% fractile, which means that p � 100% of the probability mass isassociated with values of x that are less than xp. This is done for a varietyof di�erent distribution functions F (x), some of which will be listed in afuture appendix.The following is a short example of a table showing the value of thedistribution function �(x) of the Standard Normal distribution N (0; 1) forsome positive values of x. For negative values, we can utilize the fact that�(x) = ddx�(x) is symmetric around zero, i.e., that �(�x) = �(x). Thismeans that �(�x) = 1��(x) since�(�x) = Z �x�1 �(t) dt = 1� Z 1�x �(t) dt == 1� Z x�1 �(�t) dt = 1� Z x�1 �(t) dt = 1��(x)x �(x) x �(x) x �(x)0.00 0.500 1.10 0.864 2.10 0.9770.10 0.540 1.20 0.885 2.20 0.986... ... ...0.90 0.816 1.90 0.971 2.90 0.99811.00 0.841 2.00 0.977 3.00 0.9987Of special importance are the value of x when �(x) is 0.90, 0.95 and 0.975:x �(x)1.282 0.9001.645 0.9501.960 0.975These are often used to create con�dence intervals, see Section 1.7.5.1.6 Some Theoretical ResultsIn this section we will discuss some important theoretical results, namelyChebyshev's Inequality, Bernoulli's Theorem and the Central Limit Theo-rem.We will start with Chebyshev's Inequality , which states that for anyrandom variable � with expectation value � and variance �2 and any t > 0we have P (j� � �j � t) � �2t2The probability mass P (j� � �j � t) is depicted in Figure 1.10Proof: Assuming for convenience that � is discrete, we have�2 = Xx2
�(x� �)2 � f(x) � Xjx��j�t(x� �)2 � f(x)



26 CHAPTER 1. BASIC STATISTICS
|ξ−µ| >t)

+tµµ-t

P(

µFigure 1.10: The probability mass P (j� � �j � t).� t2 Xjx��j�t f(x) = t2 P (jx� �j � t)The �rst inequality comes from summing a positive functionover a subset of 
�, and the second since (x � �)2 � t2 onthis subset. The �nal equality follows from the de�nition of thefrequency function f(x). 2Equipped with this tool, we will now continue by discussing more for-mally the stability of the relative frequence presented in the introduc-tion. Let � � bin(n,p) and let fn be �n . Recalling that E[fn] = p andVar[fn] = p(1� p)n , and using Chebyshev's Inequality with t = � > 0, wecan establish that P (jfn � pj � �) � p(1� p)n�2We will now use a regular trick in mathematical analysis: Having trappedsome quantity, in our case P (jfn � pj � �), between 0 and something thatapproaches 0 when some parameter, in this case n, approaches 1, we canconclude that the trapped quantity also approaches 0 as the parameterapproaches 1. This means thatlimn!1P (jfn � pj � �) = 0 for all � > 0We can thus establish that the probability of the relative frequence devia-ting the slightest (i.e., being more than � away) from the probability of theevent tends to zero as the number of trials tends to in�nity. This is knownas Bernoulli's Theorem.The practical importance of the normal distribution is mainly due tothe Central Limit Theorem, which states that if �1; �2; : : : is a sequence of



1.7. ESTIMATION 27independent and identically distributed random variables with expectationvalue � and variance �2, thenlimn!1P (Pni=1 �i � n��pn � x) = �(x)This means that ��n = 1n nXi=1 �i is approximately � N (�; �=pn) for largens.10 Or to put it more informally: If you take a very large random sam-ple from a distribution, then the distribution of the sum is approximatelynormal. We will refrain from proving this theorem.The conditions that �i be independent and identically distributed canbe relaxed somewhat, the important thing is that they are not to stronglydependent, that each makes some small contribution to the sum, and that� and �2 exist. Physical measurements are often disturbed by small, rea-sonably independent 
uctuations in temperature, humidity, electric �elds,concentrations of various substances, etc., or random shocks, vibrations andthe like, and can therefore in view of the Central Limit Theorem often beassumed to be normally distributed.In speech recognition there is a strong evidence from corpora that pho-netic features are best described acoustically by normal distributions. Thusphonemes are modeled by multidimensional normal distributions.11�i can be either discrete or continuous. In the former case, using thenormal distribution to approximate the original one is called a continuumapproximation. In particular, if � � bin(n; p), then � is approximately �N (np;pnp(1� p)). This is known as the Moivre-Laplace Limit Theorem:limn!1P ( � � nppnp(1� p) � x) = �(x)Since it is cumbersome to work out the binomial coe�cients � nk � forlarge values of n and k, this is quite useful. Even more useful is replacingp with the relative frequency fn almost everywhere, since(fn � p)pnpfn(1� fn)is in fact also approximately � N (0; 1).1.7 EstimationStatistical estimation is usually reduced to the problem of estimating someparameter � of a probability distribution, where the rest of the distributionis already known. Also, � is known to belong to some parameter space T .1.7.1 Random SamplesLet �i; i = 1; : : : ; n be independent stochastic variables with the same dis-tribution as the variable �. Then (�1; : : : ; �n) is said to be a random sample10 ��n will be discussed in more detail in the following section.11Cf. [Dalsgaard 1992] for an approach based on neural nets, and [Young 1993] for aHMM-based approach.



28 CHAPTER 1. BASIC STATISTICSof �. The set of observations of the outcome of the variables in some trial,(x1; : : : ; xn), is called a statistical material .From the random sample, we can create new random variables that arefunctions of the random sample, which we will call sample variables. Inparticular, the two variables ��n and s2n are called the sample mean andsample variance respectively:��n = 1n nXi=1 �is2n = 1n� 1 nXi=1(�i � ��n)2The reason for dividing by n�1 rather than n in the latter case will becomeapparent in Section 1.7.5.We will here digress slightly to prove the Law of Large Numbers:limn!1P (j��n � �j � �) = 0 for all � > 0:Here it is essential that E[�] = � and Var[�] = �2 both exist.Proof: The proof is very similar to the proof of Bernoulli'sTheorem. By Chebyshev's Inequality we have thatP (j��n � �j � �) � �2n�2 for all � > 0:By letting n tend to in�nity, we can establish the claim.To put it in more words: The Law of Large Numbers states thatthe sample mean ��n of a random sample (�1; : : : ; �n) convergesin probability to the mean � of the distribution from which therandom sample is taken, as n increases. 2This is good news! It tells us that we can estimate � with any accuracy wewish by simply making enough observations.1.7.2 EstimatorsA sample variable g(�1; : : : ; �n) that is used to estimate some real parameter
 is called an estimator . Here 
 will in general depend on the unknownparameter � of the frequency function, and should really be written 
(�).The value assigned to 
 by the statistical material is called an estimate.The distinction between estimators and estimates is rather convenient tomake.We want the estimator g(�1; : : : ; �n) to in some way be related to theparameter 
 it is supposed to estimate. It is said to be unbiased i�E[g(�1; : : : ; �n)] = 
Also, we desire that the larger the random sample, the better the esti-mator. Let gn be real-valued functions from Rn to R for n = 1,2,: : :The sequences fg(�1; : : : ; �n)g1n=1 of estimators is said to be consistent i�limn!1P (jg(�1; : : : ; �n)� 
j � �) = 0for each � > 0.



1.7. ESTIMATION 29We have that the sample mean ��n is a unbiased estimator of the expec-tation value � sinceE[��n] = E[ 1n nXi=1 �i] = 1n nXi=1 E[�i] = 1n nXi=1 � = �and that ��1; : : : ; ��n form a consistent sequence of estimators in view of theLaw of Large Numbers. One can further prove that the sample variances2n is an unbiased estimator of the variance �2, and that s21; s22; : : : is aconsistent sequence of estimators of �2 if the fourth central moment of �about � exists, i.e., if E[(� � �)4] <1.If for a sequence of unbiased estimators �n = g(�1; : : : ; �n) we have thatlimn!1Var[�n] = 0, then �n is a consistent sequence of estimators.Proof: By Chebyshev's Inequality we have thatP (j�n� 
j � �) � 1�2Var[�n]The claim follows immediately by letting n tend to in�nity. 2If, in general, we have two unbiased estimators �1 and �2, then �1 issaid to be more e�cient than �2 if Var[�1] < Var[�2].1.7.3 Maximum-Likelihood EstimatorsSo how do we �nd good estimators? One method is to use Maximum-Likelihood Estimators, MLEs. This method is based on a simple, but im-portant idea:Choose the alternative that maximizes the probability of the ob-served outcome.To this end, we proceed as follows: Let (�1; : : : ; �n) be a random sampleof a stochastic variable � with frequency function f�(x), and let (x1; : : : ; xn)be the corresponding statistical material. We then de�ne the likelihoodfunction L(x1; : : : ; xn; �) as the joint frequency function of �1; : : : ; �nL(x1; : : : ; xn; �) = f(�1 ;:::;�n);�(x1; : : : ; xn) = nYi=1 f�(xi)Since the sample is assumed to be random, the joint frequency function issimply the product of the individual frequency functions, which in turn arethe same function, since this is a sample. For a discrete variable, this isthe probability of the outcome (x1; : : : ; xn); for a continuous variable, thisis the probability density in the point (x1; : : : ; xn).We will simply choose the value �̂ that maximizes likelihood function L:max� L(x1; : : : ; xn; �)Seeing that the logarithm function ln (see Appendix C.3 for a discussionof this function) is monotonically increasing on R+, we can equally wellmaximize lnL:max� lnL(x1; : : : ; xn; �) = max� nXi=1 lnf�(xi)



30 CHAPTER 1. BASIC STATISTICSThis is convenient as L is a product, which means that lnL is a sum.The most important example of a maximum-likelihood estimator is therelative frequency fn of an outcome, which is the maximum-likelihood esti-mator of the probability p of that outcome.A regular trick for �nding the maximum is to inspect points where@@� lnL = 0. If we for example happen to know that L is a convex functionof �, this is in fact equivalent to a global maximum for interior points ofthe parameter space T in which � is allowed to vary.Nice �gure needed here!Example: Let (�1; : : : ; �n) be a random sample of � � exp(�),see Section 1.5.3 for the de�nition of an exponential distribution,and let (x1; : : : ; xn) be the corresponding statistical material.Let �, the unknown parameter of the exponential distribution,and 
 the quantity that we wish to estimate, both be �. ThenL(x1; : : : ; xn; �) = nYi=1 f�;�(xi) = nYi=1�e��xi = �ne��Pni=1 xiand lnL(x1; : : : ; xn; �) = n ln� � � nXi=1 xiThus @@� lnL(x1; : : : ; xn; �) = n� � nXi=1 xiwhich is 0 i� n� = nXi=1 xi. Let us introduce�xn = 1n nXi=1 xiThen the derivative is zero i� � = 1�xn .Since L is a convex function of �, this is a global maximum.Thus the maximum-likelihood estimator of the � parameter ofthe exponential distribution is 1=��n.Maximum-likelihood estimators can be used to estimate several para-meters simultaneously. For example, if we want maximum-likelihood esti-mators of both � and �2 for a normally distributed variable �, we canconstruct L(x1; : : : ; xn; �; �) as usual (using the frequency function for thenormal distribution), take the logarithm, and �nd the values �̂ and �̂2 forwhich simultaneously @@� lnL(x1; : : : ; xn; �; �) and @@� lnL(x1; : : : ; xn; �; �)are zero. This turns out to be when�̂ = 1n nXi=1 xi = �xn and �̂2 = 1n nXi=1(xi � �xn)2This corresponds to the estimators1n nXi=1 �i and 1n nXi=1(�i � ��n)2



1.7. ESTIMATION 31The �rst one is simply the sample mean ��n, which as we recall is an un-biased estimator of �. However, recalling that the sample variance s2n is anunbiased estimator of �2, i.e., thats2n = 1n� 1 nXi=1(�i � ��n)2 and E[s2n] = �2we have thatE[ 1n nXi=1(�i � ��n)2] = E[n� 1n 1n� 1 nXi=1(�i � ��n)2] = n � 1n E[s2n] = n� 1n �2This means that the maximum-likelihood estimator for �2 in the normaldistribution, 1n nXi=1(�i � ��n)2, is not quite unbiased.This is an example of the fact that maximum-likelihood estimators arenot necessarily unbiased. If we return to our previous example, we �ndthat the expectation value of the maximum-likelihood estimator 1=��n ofthe � parameter of the exponential distribution does not equal �. In fact,it equals nn � 1�, so it is also slightly o� the mark:E[1=��n] = Z 1�1 nxf(�1+:::+�n)(x) dx = Z 10 nx�n xn�1(n � 1)!e��x dx == nn� 1� Z 10 �n�1 xn�2(n� 2)!e��x dx = fPartial integration n � 1 timesg= : : : = nn� 1�[�e��x]10 = nn� 1�In both cases, though, we can construct an unbiased estimator from themaximum-likelihood estimator by multiplying with a scaling factor. Thisis actually quite often the case.1.7.4 Su�cient StatisticA sample variable g(�1; : : : ; �n) is said to be a statistic if it does not dependon any unknown parameter. For example, if � � N (�; �), where � is notknown, then the sample mean ��n is a statistic, whereas ��n � � isn't, sincethe latter depends on the unknown parameter �.A statistic g(�1; : : : ; �n) is a su�cient statistic for the unknown para-meter(s) � i� the conditional distribution given g(�1; : : : ; �n) = s does notdepend on �. Intuitively, this means that as soon as we've �xed the valueof the sample variable (in this case to s), the distribution of the sampledoes no longer depend on � and there is thus no further information to beextracted about � from the sample.A practically more useful de�nition of su�cient statistic is that thefrequency function of the random sample, which is identical to the likelihoodfunction of the previous section, can be written as a product of two functionsh1 and h2, one that depends only on the statistical material, and one thatdepends on �, but only on the statistical material through the function gof the sample variable:L(x1; : : : ; xn; �) = nYi=1 f�(xi) == f(�1;:::;�n)(x1; : : : ; xn; �) = h1(g(x1; : : : ; xn); �) � h2(x1; : : : ; xn)



32 CHAPTER 1. BASIC STATISTICSThe entire point is that the equation g(x1; : : : ; xn) = s partitions therange of the random sample (i.e., 
n� ) into subsets, one for each value of s,that can be viewed as equivalent w.r.t. the parameter �, thus condensingthe statistical material without losing information about �. Thus, we haverevealed the innermost secret of sample variables: They condense data.For example, if nu is the number of times some outcome u occurs in ntrials, then nu is a su�cient statistic for the purpose of determining theunknown parameter p, the probability of the outcome. Thus no informationabout p is contained in the particular sequence of outcomes of the trials,only in the number of times u occurred. So whereas the size of the rangeof the random sample is 2n, the size of the range of the sample variable nuis n+1, which nonetheless contains the same amount of information aboutp | a tremendous reduction!There does not necessarily exist a su�cient statistic, but there is alwaysa set of jointly su�cient statistics, which is a set of statistics:De�nition: Let (�1; : : : ; �n) be a random sample and let � bethe unknown parameter(s). The sample variables g1(�1; : : : ; �n);: : : ; gr(�1; : : : ; �n) are said to constitute a set of jointly su�cientstatistics i� they do not depend on any unknown parametersand the conditional distribution given gk(�1; : : : ; �n) = sk, fork = 1; : : : ; r, does not depend on �.Why there always is one? Set gk(�1; : : : ; �n) = �k for k = 1; : : : ; n. Althoughthis won't condense the data, the random sample itself is trivially jointlysu�cient, since once we've speci�ed the outcome, its probability is 1, andthus does not depend on �.A set of jointly su�cient statistics is said to be minimal su�cient if noother set of su�cient statistics condenses the data more.Example: The sample mean ��n and the sample variance s2n,��n = 1n nXi=1 �is2n = 1n� 1 nXi=1(�i � ��n)2constitute a minimal su�cient statistics for the parameters � =h�; �i of the normal distribution. This means that we can't con-dense the statistical material more without losing informationabout � or �.1.7.5 Con�dence IntervalsWe have until now only spoken of point estimates of parameters. WithChebyshev's Inequality, where we are in essence estimating the probabilityof a random variable taking a value that is \far out", cf. Figure 1.10, we arenibbling at the idea of interval estimates. The basic idea with a con�denceinterval is that we can give a lower or an upper bound, or both, for theparameter 
, and we can indicate how con�dent we are that 
 is in factcontained in this interval.Let �1 = g1(�1; : : : ; �n) and �2 = g2(�1; : : : ; �n) be two sample variablessuch that: P (�1 < 
 < �2) = p



1.7. ESTIMATION 33We then call (�1; �2) a con�dence interval with con�dence degree p. IfP (�1 > 
) = P (
 > �2), the interval is said to be symmetric. This meansthat we have cut o� equally much of the probability mass on the left sideas on the right side.Yoga time: The parameter 
 is a (real) number, and associatedwith no uncertainty or stochastic behavior. 
 does not take avalue inside the interval with probability p. It is either inside theinterval or outside. If it is inside, our method for determiningthe bounds on it worked. If it isn't, we goofed. The con�dencedegree p only tells us how often we will in average succeed inestablishing a correct interval using this method. That's all. Forexample, if we conduct measurements on c0, the speed of light invacuum, and establish that with 99 % percent con�dence degree299; 792; 457 m/s < c0 < 299; 792; 459 m/s, this is our guess atwhat c0 is. In most contemporary theories of Physics, c0 hassome �xed value, and is not subject to random variation.In the rest of this section, we will assume that � � N (�; �) and constructcon�dence intervals for � and �.Estimating � with known �As established in Section 1.5.2, nXi=1 �i � N (n�;pn�). Thus ��n = 1n nXi=1 �i �N (�; �=pn), or ��n � �� pn � N (0; 1). Utilizing this fact we have:P (x1 < ��n � �� pn < x2) = �(x2)� �(x1)Rearranging this gives usP (��n � x2 �pn < � < ��n � x1 �pn ) = �(x2) ��(x1)This is usually written��n � x2 �pn < � < ��n � x1 �pn (p)where p = �(x2) � �(x1). In particular, if we want a symmetric intervalwith con�dence degree p, we choose x = x2 = �x1 such that �(x) =1� (1 � p)=2 = (1 + p)=2, resulting in��n � x �pn < � < ��n + x �pn (p)Estimating �2 with known �Let v2n = 1n nXi=1(�i � �)2. Then nv2n�2 = nXi=1(�i � �� )2 is the sum of n squa-res of independent normally distributed random variables with expectationvalue 0 and variance 1, i.e., nv2n�2 = Xu2i , where ui = �i � �� � N (0; 1).According to Section 1.5.3, such a random variable has a �2 distributionwith n degrees of freedom, i.e., we have that nv2n�2 � �2(n), and thusP (x1 < nv2n�2 < x2) = F (x2)� F (x1) = p2 � p1



34 CHAPTER 1. BASIC STATISTICSwhere F (x) is the distribution function of the �2 distribution with n degreesof freedom, and F (x1) = p1;F (x2) = p2. This gives the following con�denceinterval with p = p2 � p1:nv2nx2 < �2 < nv2nx1 (p)Estimating �2 with unknown �If we do not know �, we instead use the sample variance s2n = 1n� 1 nXi=1(�i���n)2 to construct (n� 1)s2n�2 = nXi=1(�i � ��n� )2, which can also be writtenas the sum of n squares of normally distributed random variables withexpectation value 0 and variance 1, i.e., (n� 1)s2n�2 = Xu2i , where ui =�i � ��n� � N (0; 1). Unfortunately, these uis are not independent since, forexample, they sum to zero:nXi=1 ui = nXi=1 �i � ��n� = nXi=1 �i� � nXi=1 ��n� = n ��n� � n ��n� = 0One can however prove that nXi=1 �i � ��n� can be rewritten as n�1Xi=1 w2i where wiare indeed independent and � N (0; 1), and we then have that (n � 1)s2n�2 ��2(n� 1).We can thus establish thatP (x1 < (n� 1)s2n�2 < x2) = F (x2)� F (x1) = p2 � p1where F (x) is the distribution function of the �2 distribution with n � 1degrees of freedom, and F (x1) = p1;F (x2) = p2. This gives the followingcon�dence interval with p = p2 � p1:(n� 1)s2nx2 < �2 < (n� 1)s2nx1 (p)Estimating � with unknown �Of course, it is not generally the case that we know � but not �. Whenboth are unknown, we can instead use the fact that (n� 1)s2n�2 � �2(n� 1)and that ��n � �� pn � N (0; 1). Now letsn = ps2nThen ��n � �sn pn � t(n� 1) and we can establish the analogous result��n � t snpn < � < ��n + t snpn (p)where F is the t distribution function with n � 1 degrees of freedom, andF (t) = 1� (1� p)=2 = (1 + p)=2.



1.7. ESTIMATION 35Worked Example: Given the following temperature measu-rements,x1 x2 x3 x4 x5 x620.1 �C 19.7 �C 19.9 �C 20.2 �C 19.8 �C 20.0 �Cestimate a symmetric con�dence interval for the temperature.We will assume a normal distribution, i.e., �i � N (�; �) fori = 1; : : : ; 6. We introduce the sample variables ��6 and s26:��6 = 16 6Xi=1 �is26 = 15 6Xi=1(�i � ��6)2From this with can construct a new sample variable with a tdistribution with �ve degrees of freedom:��6 � �ps26=6 � t(5)Thus, the following is a symmetric con�dence interval� = �x6 � tpŝ26p6 (p)where t is determined from the t-distribution function with 5degrees of freedom and the desired con�dence degree p. Let usassume that we want p to be 0.95:F (t) = 1� (1� p)=2 = 1=2 + p=2 = 1=2 + 0:95=2 = 0:975From the t-distribution table we �nd t = 2:571 and from thedata we calculate�x6 = 16 6Xi=1 xi = 19:95 �Cŝ26 = 15 6Xi=1(xi � �x6)2 = 0:035 (�C)2tpŝ26p6 = 0:196 �C < 0:20 �CThis yields us� = 19:95 �C � 0:20 �C (0:95)1.7.6 Hypothesis Testing and Signi�canceAssume that we wish to prove something, e.g. that some gambler is usinga loaded die with a distinct bias towards (or against) the outcome Six.We then throw the die a large number of times and observe the relativefrequency of the outcome Six. If this deviates considerably from 16, weconclude that the die is loaded.How can we get this more mathematically well-founded? Well, havingjust learned a lot about con�dence intervals, we will use similar techniques.



36 CHAPTER 1. BASIC STATISTICSWe create an estimator with a known distribution that depends on p, theprobability of Six, in much the same way that we would when constructinga con�dence interval. In this case, we know that nfn � bin(n; np) andthat thus P (x1 < nfn < x2) = F (x2) � F (x1), where F (x) is the binomialdistribution function. To simplify the calculations for large values of n, wecan instead use that (fn � p)pnpp(1� p) is approximately � N (0; 1) to establishthat P (p� 1:96rp(1� p)n < fn < p+ 1:96rp(1� p)n ) � 0:95As we recall from Section 1.5.4, 1.96 is the 97.5-percent fractile of theStandard Normal distribution. Since the con�dence interval is symmetric,this means that we cut o� 2.5 percent of the probability mass in both ends,leaving 95 percent.Under the assumption that p is in fact 16 , this means thatP (16 � 0:73pn < fn < 16 + 0:73pn ) � 0:95If the observed relative frequence is not in this interval, we argue that theobserved outcome is so unlikely if p were in fact 16 , that we can concludethat p is not 16 . If for example we throw the die 100 times and it shows Sixin 25 of them, the observed relative frequency 0.25 is not contained in thisinterval, and we conclude that the die is in fact loaded, and our gamblerhas had it.This is an example of a hypothesis test . The basic line of reasoning toextract from this is that if the thing we want to prove false were really true,then the observed data would be very unlikely. More formally, we assumethat a null hypothesis H0, that we want to prove false, is really true. Wethen calculate the probability of as extreme a statistical material as the oneobserved, given that H0 is indeed true. Now, if this probability is less thensome prede�ned value p, we can discard the null hypothesis at signi�cancelevel p. In the above example, the signi�cance level is 5%. The signi�cancelevel is related to the con�dence degree in that a method for constructinga con�dence interval with con�dence degree 1� p can be used to constructa hypothesis test with signi�cance level p.Note that if we cannot discard the null hypothesis, this doesn't meanthat we may conclude that it is true. It may very well be false or highlyunlikely, but the available statistical material does not allow us to discardit at the desired signi�cance level.Yoga time: Again, the null hypothesis H0 is associated withno uncertainty or stochastic behavior. It is either true or false.If we decide to discard H0 and it is indeed false, the methodworked. If it is in fact true, we goofed. If we do not decide todiscard H0, we have not made any mistake, but we have on theother hand not gained any new knowledge about the world. Thesigni�cance level p only gives us an indication of how often wewill wrongly conclude that the null hypothesis is false. That'sall.



1.8. FURTHER READING 37Note that the signi�cance level and the con�dence degree are not sym-metrical: A con�dence interval with 0 % con�dence degree will never con-tain the estimated parameter, but while a hypothesis test with signi�cancelevel 100 % would be a very crappy test indeed, this does not exclude thepossibility that the null hypothesis may in fact be wrong.1.8 Further ReadingFor other literature covering the material presented in this chapter, as wellas additional material, we strongly recommend [DeGroot 1975]. Anothergood text book is [Mood et al 1974]. We plan to extend the section onestimation considerably. Estimation and hypothesis testing are related toMultivariate Analysis, see Section 2.3 when this has been written.
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Chapter 2Applied StatisticsIn this chapter we will apply the theory of stochastic variables presented inthe previous chapter to stochastic processes and information theory. Thereis however a slight complication stemming from the fact that the theoreticalapparatus of the previous chapter assumes that the range of the randomvariables are numbers. Here, they will be �nite sets, but not necessarilysubsets of the natural numbers. This can be dealt with by constructinga mapping between the set of outcomes of the random variable and thenatural numbers. In particular, since the range of any random variableis �nite, it will always be of the form fx1; : : : ; xNg. We will thus tacitlyassume the mapping xi ; i and merrily apply our high-powered theoreticalmachinery.2.1 Markov ModelsThis section is partly due to Thorsten Brants. Here we will brie
y discussstochastic processes in general, before turning to Markov chains, Markovmodels and hidden Markov models. We will then proceed to discuss how toe�ciently calculate the involved probabilities, how to determine the mostlikely state sequence using the Viterbi algorithm, and how to �nd an optimalparameter setting using Baum-Welch reestimation.2.1.1 Stochastic ProcessesA stochastic or random process is a sequence �1; �2; : : : of random variablesbased on the same sample space 
. The possible outcomes of the randomvariables are called the set of possible states of the process. The processwill be said to be in state �t at time t. Note that the random variables arein general not independent. In fact, the interesting thing about stochasticprocesses is the dependence between the random variables.Example: Returning to the imperishable example of the un-biased die, the sequence of outcomes when repeatedly castingthe die is a stochastic process with discrete random variablesand a discrete time parameter.Example: Let us consider another simple example | the te-lephone example. Here we have three telephone lines, and atany given moment 0, 1, 2 or 3 of them can be busy. Once everyminute we will observe how many of them are busy. This will be39



40 CHAPTER 2. APPLIED STATISTICSa random variable with 
� = f0; 1; 2; 3g. Let �1 be the numberof busy lines at the �rst observation time, �2 the number busylines at the second observation time, etc. The sequence of thenumber of busy lines then forms a random process with discreterandom variables and a discrete time parameter.We will here only consider stochastic processes with a discrete timeparameter and a �nite sample space. Measuring the voltage in one of thetelephone lines every minute, instead of counting the number of busy lines,in the previous example would be an example of a random process withcontinuous random variables and a discrete time parameter. Continuouslymonitoring the number of busy lines at every point in time would be anexample of a random process with a continuous time parameter and a �nitesample space.To fully characterize a random process with a discrete time parametert, we need to specify1. the probability P (�1 = xj) of each outcome xj for the �rst observa-tion, i.e., the initial state �1 and2. for each subsequent observation (state) �t+1 : t = 1; 2; : : : the condi-tional probabilities P (�t+1 = xit+1 j �1 = xi1 ; : : : ; �t = xit).To avoid getting into a lot of mathematical trouble with de�ning distri-butions over in�nite sequences of random variables, we can terminate aftersome �nite number of steps T , and instead use our knowledge of multi-dimensional stochastic variables.2.1.2 Markov Chains and the Markov PropertyAMarkov chain is a special type of stochastic process where the probabilityof the next state conditional on the entire sequence of previous states upto the current state is in fact only dependent on the current state. This iscalled the Markov property and can be stated as:P (�t+1 = xit+1 j �1 = xi1 ; : : : ; �t = xit) = P (�t+1 = xit+1 j �t = xit)This means that the probability of a Markov chain �1; �2; : : : can becalculated as:P (�1 = xi1 ; : : : ; �t = xit) == P (�1 = xi1) � P (�2 = xi2 j �1 = xi1) � : : : � P (�t = xit j �t�1 = xit�1)The conditional probabilities P (�t+1 = xit+1 j �t = xit) are called thetransition probabilities of the Markov chain. A �nite Markov chain mustat each time be in one of a �nite number of states.Example: We can turn the telephone example with 0, 1, 2 or3 busy lines into a (�nite) Markov chain by assuming that thenumber of busy lines will depend only on the number of linesthat were busy the last time we observed them, and not on theprevious history.Consider a Markov chain with n states s1; : : : ; sn. Let pij denote thetransition probability from State si to State sj , i.e., P (�t+1 = sj j �t = si).The transition matrix for this Markov process is then de�ned asP = 24 p11 � � � p1n� � � � � � � � �pn1 � � � pnn 35 ; pij � 0; nXj=1 pij = 1; i = 1; : : : ; n



2.1. MARKOV MODELS 41In general, a matrix with these properties is called a stochastic matrix .Example: The stochastic process derived from the immortalexample of the unbiased die, can be described by a six-by-sixmatrix where each element is 1=6.Example: In the telephone example, a possible transition ma-trix could for example be: s0 s1 s2 s3P = s0s1s2s3 2664 0:2 0:5 0:2 0:10:3 0:4 0:2 0:10:1 0:3 0:4 0:20:1 0:1 0:3 0:4 3775Assume that currently, all three lines are busy. What is thenthe probability that at the next point in time exactly one lineis busy? The element in Row 3, Column 1 (p31) is 0.1, andthus p(1j3) = 0:1. (Note that we have numbered the rows andcolumns 0 through 3.)We can now determine the transition matrix for several steps. Thefollowing is the transition matrix for two steps:p(2)ij = P (�t+2 = sj j �t = si)= Pnr=1 P (�t+1 = sr \ �t+2 = sj j �t = si)= Pnr=1 P (�t+1 = sr j �t = si) � P (�t+2 = sj j �t+1 = sr)= Pnr=1 pir � prjThe element p(2)ij can be determined by matrix multiplication. This is theelement in Row i, Column j of the matrix P2 = PP. In the same way, wecan determine the transition probabilities for several steps. In general, thetransition matrix for t steps is Pt.Example: Returning to the telephone example: Assuming thatcurrently all three lines are busy, what is the probability of ex-actly one line being busy after two steps in time?s0 s1 s2 s3P2 = PP = s0s1s2s3 2664 0:22 0:37 0:25 0:150:21 0:38 0:25 0:150:17 0:31 0:30 0:200:12 0:22 0:28 0:24 3775) p(2)31 = 0:22A vector v = [v1; : : : ; vn] with vi � 0; i = 1; : : : ; n and Pni=1 vi = 1 iscalled a probability vector . The probability vector that determines the stateprobabilities of the observations of the �rst element (state) of a Markovchain, i.e., where vi = P (�1 = si), is called an initial probability vector .The initial probability vector and the transition matrix together determinethe probability of the chain being in a particular state at a particular pointin time. This probability can be calculated by multiplying the vector v withthe matrix P the appropriate number of times. If p(t)(si) is the probabilityof the chain being in state si at time t, i.e., after t� 1 steps, then[p(t)(s1); : : : ; p(t)(sn)] = vPt�1



42 CHAPTER 2. APPLIED STATISTICSExample: Returning to the telephone example: Let v = [0:5; 0:3;0:2; 0:0].What is then the probability that after two steps exactly twolines are busy? s0 s1 s2 s3vP2 = vPP = � 0:21 0:43 0:24 0:12 �) p(�2 = s2) = 0:24.2.1.3 Markov ModelsLet us attribute each state in a Markov chain with a �nite set of signals.After each transition, one of the signals associated with the current stateis emitted. Thus, we introduce a new sequence of random variables �t; t =1; :::; T representing the signal emitted at time t. This determines aMarkovmodel .A Markov model consists of:� a �nite set of states 
 = fs1; : : : ; sng;� an signal alphabet � = f�1; : : : ; �mg;� an n� n state transition matrix P = [pij] where pij = P (�t+1 = sj j�t = si);� an n � m signal matrix A = [aij], which for each state-signal pairdetermines the probability aij = p(�t = �j j �t = si) that signal �jwill be emitted given that the current state is si;� and an initial vector v = [v1; : : : ; vn] where vi = P (�1 = si).The probability of reaching some particular state at some particular timeis determined just as in the case of the Markov chain. The probability thatsignal �j will be emitted in the current state si is thus precisely the elementaij of the signal matrix. We have thus made a second Markov assumption,namely that the probability of a particular signal being emitted does onlydepend on the current state, and not on the sequence of pervious ones.From this it follows that the probability of the model being in state siand emitting signal �j at time t isp(t)(si; �j) = p(t)(si) � p(�t = �j j �t = si)where p(t)(si) is the ith element of the vector vPt�1. The probability thatsignal �j will be emitted at time t is then:p(t)(�j) = nXi=1 p(t)(si; �j) = nXi=1 p(t)(si) � p(�t = �j j �t = si)Thus if p(t)(�j) is the probability of the model emitting signal �j at timet, i.e., after t� 1 steps, then[p(t)(�1); : : : ; p(t)(�m)] = vPt�1AThe Markov models described this far are of �rst order, i.e., the proba-bility of the next state depends only on the current state. In an nth orderMarkov model, this transition probability depends on the way the currentstate was reached, and in particular on the n � 1 previous states. This



2.1. MARKOV MODELS 43means that we need to specify the probabilities P (sit j sit�n ; : : : ; sit�1). AMarkov model of higher (nth) order can always be reduced to an equiva-lent �rst-order Markov model by expanding out each possible sequence ofn states in the old Markov model to a state in the new Markov model.2.1.4 Hidden Markov ModelsIf it is not possible to observe the sequence of states �1; : : : ; �T of a Markovmodel, but only the sequence �1; : : : ; �T of emitted signals, the model iscalled a hidden Markov model (an HMM).Let O 2 �� be a known sequence of observed signals and let S 2 
� bethe unknown sequence of states in which O was emitted. Our best guessat S is the sequence maximizingmaxS P (S j O)From Bayes' inversion formula (Eq. 1.3), redisplayed here for your conve-nience, P (S j O) = P (O j S) � P (S)P (O)we see that this S will also maximizemaxS P (O j S) � P (S)since P (O) does not depend on the choice of S. Here P (O j S) is called thesignal model and P (S) is called the language model. Maximizing P (O j S)alone would be the maximum-likelihood estimate of S, see Section 1.7.3.Prototypical tasks to which hidden Markov models are applied includethe following. Given a sequence of signals O = (�i1 ; : : : ; �iT ):� Estimate the probability of observing this particular signal sequence.� Determine the most probable state sequence that can give rise to thissignal sequence.� Determine the set of model parameters � = (P;A;v) maximizing theprobability of this signal sequence.Part-of-speech tagging and speech recognition are examples of the second.Language identi�cation would be an example of the �rst. The third problemis of interest when creating a hidden Markov model.Example: Part-of-speech tagging. The set of observable si-gnals are the words of an input text. The states are the set oftags that are to be assigned to the words of input text. Thetask consists in �nding the most probable sequence of statesthat explains the observed words. This will assign a particularstate to each signal, i.e., a tag to each word.Example: Speech recognition. The set of observable signalsare (some representation of the) acoustic signals. The statesare the possible words that these signals could arise from. Thetask consists in �nding the most probable sequence of wordsthat explains the observed acoustic signals. This is a slightlymore complicated situation, since the acoustic signals do notstand in a one-to-one correspondence with the words.



44 CHAPTER 2. APPLIED STATISTICSWe can easily specify HMMs at di�erent levels. For example, if we havean HMM for each phoneme de�ned in terms of the acoustic signals, anHMM for each word de�ned in terms of the phonemes, and an HMM forword pairs (using bigram statistics), we can expand this to a single HMMwhere each acoustic signal in each phoneme in each word pair correspondsto a unique state. Of course, this increases the number of states drastically,and thus also the search space.2.1.5 Calculating P (O)We now turn to the problem of actually calculating the probability P (O)of the observed signal sequence. Let O = (�k1; : : : ; �kT ) and let S =(si1 ; : : : ; siT ). ThenP (O j S) = TYt=1P (�t = �kt j �t = sit) = TYt=1 aitktP (S) = vi1 � TYt=2 pit�1itP (O\ S) = P (O j S) � P (S) = ( TYt=1aitkt) � (vi1 � TYt=2pit�1it) == (ai1k1 � vi1) � TYt=2 pit�1it � aitktPutting this together yields usP (O) = XS P (O \S) = Xsi1 ;:::;siT (ai1k1 � vi1) � TYt=2pit�1it � aitktUsing this formula directly requires O(2TnT ) calculations. Obviously, thisis not a good idea computationally.The forward algorithmInstead, we reshu�e the expression and introduce a set of accumulators,so-called forward variables, one for each time t and state i:�t(i) = P (O�t; �t = si) = P (�1 = �k1 ; : : : ; �t = �kt; �t = si)This is the joint probability of being in state si at time t and the observedsignal sequence O�t = �k1; : : : ; �kt from time 1 to time t.Note thatP (O) = P (�1 = �k1 ; : : : ; �T = �kT ) == nXi=1 P (�1 = �k1 ; : : : ; �T = �kT ; �T = si) = nXi=1 �T (i)that�1(i) = P (�1 = �k1 ; �1 = si) = aik1 � vi for i = 1; : : : ; nand that�t+1(j) = [ nXi=1 �t(i) � pij] � ajkt+1 for t = 1; : : : ; T � 1 ; j = 1; : : : ; n



2.1. MARKOV MODELS 45sinceP (O�t+1; �t+1 = sj) == nXi=1 p(O�t; �t = si) � P (�t+1 = �kt+1; �t+1 = sj j O�t; �t = si) == nXi=1 P (O�t; �t = si) � P (�t+1 = �kt+1 j �t+1 = sj) � P (�t+1 = sj j �t = si)The �rst equality is exact, while the second one uses the Markov assump-tions. Calculating P (O) this way is known as the forward algorithm andrequires O(n2T ) calculations, which is a considerable savings.The trellisAn e�cient way of representing this is by the use of a trellis, i.e., a graphwith a node for each state-time pair, where each node at time t is connectedonly to the nodes at times t� 1 and t+ 1. Figure 2.1 shows an example ofa trellis. Each node in the trellis corresponds to being in a particular stateat a particular time, and can be attributed some appropriate accumulator,for example a forward variable. Using the appropriate recurrence equation,we can calculate the values of the accumulators for the next time t+1 fromthose of the current time t, or possibly the other way around.
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46 CHAPTER 2. APPLIED STATISTICSThis is the probability of the observed signal sequence O>t = �kt+1; : : : ; �kTfrom time t+ 1 to time T conditional on being in state si at time t.Note thatP (O) = nXi=1 P (�1 = �k1 ; �1 = si) � P (�2 = �k2; : : : ; �T = �kT j �1 = si) == nXi=1 aik1 � vi � �1(i)Let us de�ne �T (i) = 1 for i = 1; : : : ; nand note that�t(i) = nXj=1 pij � ajkt+1 � �t+1(j) for t = 1; : : : ; T � 1 ; i = 1; : : : ; nsinceP (O>t j �t = si) = nXj=1P (O>t; �t+1 = sj j �t = si) == nXj=1P (O>t j �t = si; �t+1 = sj) � P (�t+1 = sj j �t = si) == nXj=1 p(�t+1 = �kt+1 j �t+1 = sj) �P (O>t+1 j �t+1 = sj) � P (�t+1 = sj j �t = si)Again, the �rst equality is exact, while the second one uses the Markovassumptions. Calculating P (O) using the backward variables is called thebackward algorithm and also requires O(n2T ) calculations.The forward-backward algorithmWe can also use a mixture of the forward and backward variables sinceP (O) = nXi=1 P (O; �t = si) = nXi=1 P (O�t; �t = si) �P (O>t j O�t; �t = si) == nXi=1 P (O�t; �t = si) � P (O>t j �t = si) = nXi=1 �t(i) � �t(i)Thus we need the forward variables �t(i) and backward variables �t(i) attime t. These can be calculated recursively from the forward variablesfor time 1; : : : ; t and the backward variables for time t; : : : ; T . This way ofcalculating P (O) is called the forward-backward algorithm and also requiresO(n2T ) calculations.In fact, we can de�ne a set of forward-backward variables:
t(i) = P (�t = si j O) = P (O; �t = si)P (O) = �t(i) � �t(i)Pni=1 �t(i) � �t(i)This is the probability of being in state si at time t conditional on the entireobserved signal sequence O from time 1 to time T .



2.1. MARKOV MODELS 472.1.6 Finding the Optimal State SequenceA �rst attempt at �nding an optimal sequence of states could be the onemaximizing the 
-factors individually:s�it = arg max1�i�n
t(i)This does however not take the dependencies between the random varia-bles into account. In particular, the constructed sequence may have zeroprobability, since some transitions may be impossible. In fact, due to theMarkov assumption(s), this turns out to be the maximum-likelihood esti-mate maxS P (O j S). Instead we want to �nd the state sequence thatmaximizes P (O j S) � P (S). To this end we employ a dynamic program-ming technique | the Viterbi algorithm.The Viterbi algorithmWe will instead de�ne the set of variables�t(i) = maxS�t�1 P (S�t�1; �t = si;O�t) == maxsi1 ;:::;sit�1 P (�1 = si1 ; : : : ; �t�1 = sit�1 ; �t = si;O�t)This is the joint probability of the most likely state sequence from time 1to time t ending in state si and the observed signal sequence O�t up totime t. We also introduce the vector  t(i) which indicates the predecessorof state si in the path corresponding to �t(i).Note that �1(i) = vi � aik1 for i = 1; : : : ; nthat�t(j) = [maxi �t�1(i) � pij] � ajkt for t = 2; : : : ; T ; j = 1; : : : ; n t(j) = arg max1�i�n(�t�1(i) � pij) for t = 2; : : : ; T ; j = 1; : : : ; nthat P � = maxi �T (i)s�kT = arg max1�i�n�T (i)and that s�kt =  t+1(s�kt+1) for t = 1; : : : ; T � 1The recurrence equation can be established as follows:�t(j) = maxS�t�1 P (S�t�1; �t = sj ;O�t) == maxi maxS�t�2 P (S�t�2; �t�1 = si; �t = sj ;O�t�1; �t = �kt) == maxi maxS�t�2 P (�t = sj ; �t = �kt j S�t�2; �t�1 = si;O�t�1) �� P (S�t�2; �t�1 = si;O�t�1) =



48 CHAPTER 2. APPLIED STATISTICS= maxi maxS�t�2 P (�t = sj j �t�1 = si) � P (�t = �kt j �t = sj) �� P (S�t�2; �t�1 = si;O�t�1) == [maxi P (�t = sj j �t�1 = si) � maxS�t�2 P (S�t�2; �t�1 = si;O�t�1)] �� P (�t = �kt j �t = sj) == [maxi pij � �t�1(i)] � ajktThe �rst three equalities are exact, while the fourth one uses the Markovassumptions.The Viterbi algorithm can be implemented e�ciently using a trellis, andthe main di�erence to the forward algorithm for calculating P (O) is thathere the accumulators represent maximums, rather than sums. In fact, thenumber of required calculations is the same, namely O(n2T ).The Viterbi algorithm is discussed in more detail in [Forney 1973], whilegeneral dynamic programming is well-described in [Bellman 1957].2.1.7 Parameter Estimation for HMMsWe now turn to the problem of estimating the parameters v, P and Ade�ning the HMM. If we have access to annotated training data, i.e., datawhere we know both the sequence of signals and the underlying sequence ofstates, we can calculate the parameters directly from the observed relativefrequencies. It is however in this case necessary to deal appropriately withthe problem of sparse data as discussed in Section 2.4.If we only have training data consisting of signal sequences where theunderlying state sequences are unknown, we have to resort to other me-thods. Here we will de�ne a set of recurrence equations that can be usedto iteratively improve our estimates of the parameters. By doing this right,we can get some guarantees that each iteration will yield us a better set ofestimates.To this end, we �rst de�ne the set of probabilities�t(i; j) = P (�t = si; �t+1 = sj j O) = P (O; �t = si; �t+1 = sj)OThis is the joint probability of being in state si at time t and of being instate sj at time t+ 1 conditional on the entire observed signal sequence Ofrom time 1 to time T .Note that�t(i; j) = �t(i) � pij � ajkt+1 � �t+1(j)P (O) = �t(i) � pij � ajkt+1 � �t+1(j)Pi;j �t(i) � pij � ajkt+1 � �t+1(j)sinceP (O; �t = si; �t+1 = sj) = P (O�t+1;O>t+1; �t = si; �t+1 = sj) == P (O�t+1; �t = si; �t+1 = sj) � P (O>t+1 j O�t+1; �t = si; �t+1 = sj) == P (O�t; �t = si) �P (�t+1 = �kt+1 ; �t+1 = sj j O�t; �t = si) �� P (O>t+1 j �t+1 = sj) == P (O�t; �t = si) �P (�t+1 = sj j �t = si) � P (�t+1 = �kt+1 j �t+1 = sj) �� P (O>t+1 j �t+1 = sj) == �t(i) � pij � ajkt+1 � �t+1(j)



2.1. MARKOV MODELS 49For this reason, the probabilities �t(i; j) are also referred to as forward-backward variables.We immediately see that
t(i) = P (�t = si j O) = nXj=1P (�t = si; �t+1 = sj j O) = nXj=1 �t(i; j)We now observe that
1(i) = probability of starting in state siT�1Xt=1 �t(i; j) = expected number of transitions from state si to state sjT�1Xt=1 
t(i) = expected number of transitions from state siTXt=1:�kt=�j 
t(i) = expected number of times signal �j is emitted in state siWe can now establish the recurrence equations:�vi = 
1(i)�pij = PT�1t=1 �t(i; j)PT�1t=1 
t(i)�aij = PTt=1:�kt=�j 
t(i)PTt=1 
t(i)This is known as the Baum-Welch or forward-backward reestimation algo-rithm, but can also be interpreted as an incarnation of the EM (expectation-modi�cation) algorithm or as an application of Lagrange multipliers to en-force the constraints nXi=1 vi = 1nXj=1 pij = 1 for i = 1; : : : ; nmXj=1 aij = 1 for i = 1; : : : ; nwhen maximizing P (O) w.r.t. � = (v;P;A). The resulting equations arevi = vi @P@viPnk=1 vk @P@vk for i = 1; : : : ; npij = pij @P@pijPnk=1 pik @P@pik for i = 1; : : : ; n ; j = 1; : : : ; naij = aij @P@aijPmk=1 aik @P@aik for i = 1; : : : ; n ; j = 1; : : : ;mwhich turn out to be exactly the reestimation equations given above aftersome symbolic manipulation, see [Rabiner 1989].



50 CHAPTER 2. APPLIED STATISTICSLet P (O j �) denote the probability of the observation sequence Ocalculated using the old parameters v, P and A, and let P (O j ��) denotethis probability calculated using the new parameters �v, �P and �A. Somenice people have shown that either �� = � or P (O j ��) > P (O j �), see[Baum 1972]. This means that we either get a better set of parameters, orthe same one, in the next iteration.2.1.8 Further readingA comprehensive tutorial on hidden Markov models for speech recognitionis given in [Rabiner 1989].2.2 Elementary Information Theory2.2.1 EntropyLet � be a discrete stochastic variable � with a �nite range 
� = fx1; : : : ; xMgand let pi = p(xi) be the corresponding probabilities. How much informa-tion is there in knowing the outcome of �? Or equivalently: How muchuncertainty is introduced by not knowing the outcome of �? This is theinformation needed to specify which of the xi has occurred. We could dothis simply by writing \xi", but let us assume further that we only have asmall set of symbols A = fak : k = 1; : : : ; Dg| a coding alphabet | at ourdisposal to do this. Thus each xi will be represented by a string over A.To get this further grounded, assume that � is in fact uniformly distri-buted, i.e., that pi = 1M for i = 1; : : :M , and that the coding alphabet isf0; 1g. Thus, each xi will be represented by a binary number. We will thenneed N : 2N�1 < M � 2N digits to specify which xi actually occurred.Thus we need log2M digits1.So what if the distribution is nonuniform, i.e., if the pis are not allequal? How much uncertainty does a possible outcome with probabilitypi introduce? The basic assumption is that it will introduce equally muchuncertainty regardless of the rest of the probabilities pj : j 6= i. We canthus reduce the problem to the case where all outcomes have probability pi.In such a case, there are 1pi = Mpi possible outcomes. The fact that thisis not in general an integer can be handled with Mathematical Yoga. Wethus need log2Mpi = log2 1pi = � log2 pi binary digits to specify that theoutcome was xi. Thus, the uncertainty introduced by pi is in the generalcase � log2 pi. The uncertainty introduced by the random variable � willbe taken to be the expectation value of the number of digits required tospecify the outcome. This is the expectation value of � log2P (�), i.e.,E[� log2P (�)] =Pi�pi log2 pi.Now, we let D be an arbitrary base D > 0;D 6= 1, and not necessarily2. Since log2X = log2D � logDX, this does not change anything material,only introduces a scaling factor log2D, so the uncertainty could equallywell be taken to be Pi�pi logD pi, for any base D > 0;D 6= 1. We will usethe particularly good base e � 2:72, which is not an integer, nor a rationalnumber, and where \loge" is usually denoted \ln". 2 Having already dealtwith sets of noninteger size, to have a coding alphabet with a nonintegernumber of code symbols should be only slightly unsettling. This allows us1Or really, the smallest integer N � log2M .2See Appendix C.3 for a discussion of the number e and the function lnx.



2.2. ELEMENTARY INFORMATION THEORY 51to de�ne the quantity H[�], called the entropy of �:H[�] = � Xxi2
� p(xi) lnp(xi) = � MXi=1 pi ln piIf qi is another set of probabilities on 
�, then� MXi=1 pi ln pi � � MXi=1 pi ln qi (2.1)Equality is equivalent to 8i pi = qi.Proof: The logarithm is a convex function on the real line, i.e.,f(x) � f(x0)+f 0(x0) � (x�x0) for all x 2 R. Since ddx lnx = 1x ,choosing x0 = 1 and thus f(x0) = 0 and f 0(x0) = 1, we havelnx � x � 1 for all x 2 R. In fact, if x 6= 1, then lnx < x � 1.In particular ln qipi � qipi � 1By multiplying by pi and summing over i we obtainMXi=1 pi ln qipi � MXi=1 pi( qipi � 1) = MXi=1 qi � MXi=1 pi = 1� 1 = 0Thus MXi=1 pi ln qipi = MXi=1 pi ln qi � MXi=1 pi ln pi � 0and the proposition follows. We note that if for any i, 0 6= pi 6=qi, we have pi ln qipi < qi � piand we obtain strict inequality through a similar summation. 2The joint entropy of � and � is de�ned as:H[�; �] = � MXi=1 LXj=1 p(xi; yj) lnp(xi; yj)The conditional entropy of � given � is de�ned as:H[� j �] == � LXj=1 p(yj) MXi=1 p(xi j yj) ln p(xi j yj) = � LXj=1 MXi=1 p(xi; yj) ln p(xi j yj)The conditional and joint entropies are related just like the conditionaland joint probabilities:H[�; �] = H[�] + H[� j �]



52 CHAPTER 2. APPLIED STATISTICSThis can easily be established from the above de�nitions by utilizing thefact that p(xi; yj) = p(yj)�p(xi j yj) and rearranging the summation orders.The following two inequalities holdH[�; �] � H[�] + H[�]H[� j �] � H[�]where in both cases equality is equivalent to � and � being independent.The �rst one is an immediate consequence of the second one, which in turncan be established much in the same way as the previous equation usingEq. 2.1.The information conveyed by �, denoted I[� j �], is the reduction inentropy of � by �nding out the outcome of �. This is de�ned byI[� j �] = H[�]� H[� j �]Note that:I[� j �] = H[�]� H[� j �] = H[�]� (H[�; �]�H[�]) == H[�] + H[�]� H[�; �] = H[�] + H[�]�H[�; �] = I[� j �]This means that the information about � conveyed by � is necessarily equalto the information about � conveyed by �.Finally, we note that:H[�] = E[� lnP (�)]H[� j �] = E[� lnP (� j �)]I[� j �] = H[�]�H[� j �] = E[� lnP (�)] � E[� lnP (� j �)] == E[� lnP (�) + lnP (� j �)] = E[� ln P (�)P (� j �) ]All this this can readily be generalized to several variables by insteadletting � and � denote sets of variables, and letting i and j be multiindices,i.e., ordered tuples of indices.2.2.2 Related Information MeasuresMutual InformationA very popular quantity in the Computational Linguistics literature around1990 was Mutual Information Statistics, denoted MI. If � and � are twodiscrete random variables, we can de�ne the mutual information as:MI[�; �] = E[ln P (�; �)P (�) � P (�) ]Note that this is symmectic in � and �, i.e., that MI[�; �] = MI[�; �].Actually, the quantity presented as the mutual information in most of thesepublications was the corresponding expression for the outcomes xi, and yj:MI[xi; yj ] = ln P (xi; yj)P (xi) � P (yj)If MI[xi; yj ] � 0, there is a strong correlation between xi and yj; ifMI[xi; yj] � 0, there is a strong negative correlation. We will howeverlet mutual information refer to the quantity with the expectation value.



2.2. ELEMENTARY INFORMATION THEORY 53NowMI[�; �] = E[ln P (�; �)P (�) � P (�)] = E[ln P (� j �)P (�) ] = E[� ln P (�)P (� j �) ]Comparing this with the expression for the conveyed information given atthe end of Section 2.2.1, we �ndI[� j �] = E[� ln P (�)P (� j �) ] = MI[�; �]Thus, the mutual information is identical to the conveyed information. Thisincidentally allows us to see the symmetry of the conveyed information:I[� j �] = MI[�; �] = MI[�; �] = I[� j �]PerplexityThe perplexity of a random variable � is the exponential of its entropy, i.e.Perp[�] = eH[�]To take a linguistic example, assume that we are trying to predict the nextword �t in a word string from the previous t � 1 ones �1; :::; �t�1. Theentropy is then a measure of how hard this prediction problem is. LetP (wit j w1; :::; wt�1) be an abbreviation of P (�t = wi j �1 = wk1 ; :::; �t�1 =wkt�1).H[�t j w1; :::; wt�1] = NXi=1 � P (wit j w1; :::; wt�1) � lnP (wit j w1; :::; wt�1)If all words have equal probability, i.e., P (wit j w1; :::; wt�1) = 1N , theentropy is the logarithm of the branching factor N at this point in theinput string:H[�t j w1; :::; wt�1] = NXi=1 � 1N � ln 1N = lnNThis means that the perplexity elnN is the branching factor N itself. If theprobabilities di�er, the perplexity can be viewed as a generalized branchingfactor that takes this into account.In [Jelinek 1990] we �nd the following de�nition of perplexity:lnPerpE = limt!1�1t lnP (w1; :::; wt)where we let PerpE denote the empirical perplexity. Here P (w1; :::; wt)denotes the probability of the word string w1; :::; wt, and should be read asan abbreviation of P (�1 = wk1; :::; �t = wkt).Since we cannot experimentally measure in�nite limits, we terminateafter a �nite test string w1; :::; wT , arriving at the measured perplexityPerpM : lnPerpM = � 1T lnP (w1; :::; wT)



54 CHAPTER 2. APPLIED STATISTICSRewriting P (w1; :::; wt) as P (wt j w1; :::; wt�1) � P (w1; :::; wt�1) gives uslnPerpM = 1T TXt=1 � lnP (wt j w1; :::; wt�1)What is the expectation value of lnPerpM? Let's �nd out!E[lnPerpM ] = E[ 1T TXt=1� lnP (wt j w1; :::; wt�1)] == 1T TXt=1 E[� lnP (wt j w1; :::; wt�1)] == 1T TXt=1 NXi=1 � P (wit j w1; :::; wt�1) � lnP (wit j w1; :::; wt�1) == 1T TXt=1H[�t j w1; :::; wt�1]This is the average entropy at each string position of any string of lengthT , corresponding to the geometric mean of the string perplexity of anystring of length T . In view of the Law of Large Numbers, we realize thatthe empirical preplexity as de�ned above, will approach this quantity as tapproches 1, motivating the de�nition.Cross Entropy, Relative Entropy and MetricsLet us return to the Equation 2.1 of Section 2.2.1: If we have two distribu-tions (collections of probabilities) p(x) and q(x) on 
�, then�Xx p(x) lnp(x) � �Xx p(x) ln q(x) (2.2)Equality is equivalent to 8x p(x) = q(x), which means that the distributi-ons are identical. The latter quantity,Hp[q] = �Xx p(x) ln q(x)is often referred to as the cross entropy of q w.r.t. p. The above inequalitymeans that the cross entropy of a distribution q w.r.t. another distributionp is minimal when q is identical to p.We can utilize this to create a distance measure for distributions bymeasuring the distance between the probability collections p(x) and q(x).First we note using Equation 2.1 that:0 � Xx p(x) lnp(x)� p(x) ln q(x) = Xx p(x) ln p(x)q(x)with equality only when 8x p(x) = q(x). We now de�neD[p jj q] = Xx p(x) ln p(x)q(x) = Hp[q]�H[p]This is known as the relative entropy or Kullback-Leibler (KL) distance.A metric is a real-valued function that measures distances. Any metricm(X;Y ) must have the following three properties:



2.2. ELEMENTARY INFORMATION THEORY 551. m(X;Y ) � 0 and m(X;Y ) = 0 , X = Y .2. m(Y;X) = m(X;Y ).3. m(X;Y ) � m(X;Z) +m(Z; Y ).The �rst condition states that the metric is a positive function unless thetwo elements are identical, in which case it takes the value zero. The secondrequirement is that the metric is symmetric, i.e., that the distance from Yto X is the same as the distance from X to Y . The third one is calledthe triangle inequality, which means that the distance from X to Y is notgreater than the distance from X to some third point Z plus the distancefrom Z to Y .Although we have established that the relative entropy has the �rst ofthese properties, it lacks the second two. If for example p(1) = 1/4, p(2)= 3/4; r(1) = r(2) = 1/2; and q(1) = 3/4, q(2) = 1/4, thenD[p jj r] 6= D[r jj p] andD[p jj q] > D[p jj r] + D[r jj q]A true metric for probability distributions is the Euclidian distance,which is the natural measure of distance used in the real world:d(p; q) = sXx (p(x)� q(x))2Ever since Pythagoras, we sum the squares of the Cartesian coordinatesand take the square root to get the distance between two points in space.This doesn't have anything to do with entropy, though.The relative entropy, and the cross entropy, can also be used for evalua-tion. Assume that p is the true probability distribution, and that we havevarious estimates qk of p. The best estimate is of course p itself which will,accoring to Equation 2.2, minimize the cross entropy Hp[q] and thereby alsothe relative entropy D[p jj q] = Hp[q]� H[p]. We can thus claim that thesmaller the cross entropy w.r.t. p, the better the estimate of p.A problem with this approach is that we may not know the real distri-bution p. However, if we take a random sample X from the distributionp, and calculate 1jXj Xx2X � ln qk(x), we have an estimate of Hp[q]. So wecan argue that if qk yields a lower value of this than qk0 , then the for-mer is a better estimate of p than the latter. This technique is known ascross-entropy evaluation.2.2.3 Noiseless CodingLet � continue to be a discrete stochastic variable � with a �nite range 
� =fx1; : : : ; xMg and corresponding probabilities pi = p(xi); i = 1; : : : ; pM . Letus make a sequence of independent observations of � and call the generatedstring over fx1; : : : ; xMg a message. 3 Further, let A = fak : k = 1; : : : ; Dgbe a code alphabet. We will associate with each element xi a string overA which we will call the code word for xi. We will call the set of codewords a code. Let ni denote the length of the code word for xi, and let�n =PMi=1 pini be the expectation value of the code-word length.3This is an example of a discrete memoryless stochastic process, see Section 2.1.1.



56 CHAPTER 2. APPLIED STATISTICSThe Noiseless Coding Problem: Given � and A de�ned asabove, construct a code that minimizes �n.A code where any string in A� corresponds to at most one messageis said to be uniquely decipherable.4 This means that it is impossible tocome up with a sequence of code words that can be interpreted as anothersequence of code words. This is obviously a highly diserable property.Still, we can do even better than this by requiring that it should bepossible to determine the code word without looking further into the codedmessage. Such a code is said to be instantaneous. One way of guaranteeingthis is to require that no code word is a pre�x of another code word. A littleafterthought yields that this is actually a necessity for an instantaneouscode. Note that an instantaneous code is also uniquely decipherable.Let us temporarily assume that in addition to � and A, the code wordlengths ni : i = 1; : : : ;M are also prescribed. How can we determinewhether or not it is possible to construct a uniquely decipherable, or in-stantaneous code? The answer is simply that the existence of both anuniquely decipherable code and an instantaneous code is equivalent to therequirement PMi=1D�ni � 1.Proof: <To be written> 2Amongst other things, this means that if we can construct an uniquelydecipherable code, we can also construct an instantaneous code.Returning to the noiseless coding problem, where we again are in com-mand of the code-word lengths, we can establish the following lower boundon the mean code-word length �n:�n = Xpini � H[�]lnDEquality in the above � is equivalent to 8i2f1;:::;Mgpi = D�ni . This isknown as the Noiseless Coding Theorem. Here, the size D of the codealphabet is often referred to as the base of the code.Proof: <To be written> 2In general, it is impossible to �nd integers ni : pi = D�ni . To constructan optimal code, we will do the second best thing and choose ni such thatni � 1 < � lnpilnD � niWe can construct an instantaneous code with these code-word lengths.Firstly, note that the second inequality implies that pi � D�ni . Thus,there exists an instantaneous base D code with these code-word lengths,since MXi=1D�ni � MXi=1 pi = 1So what is the mean code-word length of this code? From the �rst inequalitywe have�n = MXi=1 pini � MXi=1 pi(� ln pilnD + 1) = �PMi=1 pi lnpilnD + MXi=1 pi = H[�]lnD + 14A� denotes all possible strings over the Alphabet A including the empty string.



2.2. ELEMENTARY INFORMATION THEORY 57and similarly from the second inequality we have�n = MXi=1 pini � MXi=1 pi� ln pilnD = �PMi=1 pi ln pilnD = H[�]lnDThus we have proved thatGiven a discrete random variable � with �nite 
� and withentropy H[�], there exists an base D instantaneous code whosemean code-word length �n satis�esH[�]lnD � �n � H[�]lnD + 1Now assume that we instead of inventing code words for individualsymbols xi, invent code words for blocks of length s, i.e., strings over
� = fx1; : : : ; xMg of length s. This is known as block coding . This willcorrespond to the outcome of s independent observations �i : i = 1; : : : ; sof �. We can then cut down the interval toH[�]lnD � �ns � H[�]lnD + 1sHere �ns is the mean code word length per symbol in 
�.To actually construct an optimal code, we will turn to the special caseof D = 2. The procedure is much the same for D > 2. We can withoutfurther loss of generality assume that the coding alphabet A is f0; 1g. Wewill describe the Hu�mann Procedure, which works by recursion over thecardinality M of 
�.If M = 2, then we assign x1 the code word 0, and x2 the code word 1.If M > 2, we proceed as follows: Firstly, we may without loss of gene-rality assume that i < j ) pi � pj, and that within each group of symbolswith equal probability, the symbols are ordered after code word length.Thus xM�1 and xM have the smallest probabilities. For any such optimalinstantaneous code of size M we have the following:1. i < j ) ni � nj.2. nM�1 = nM .3. At least two code words of length nM have a common pre�x of lengthnM � 1.Proofs:1. If this were not the case we could simply swap code wordsfor xi and xj, reducing �n and contradicting the optimality.22. If this were not the case we could simply strip the last digitfrom WM , reducing �n and contradicting the optimality. 23. If no two code words of length nM had a common pre�xof length nM � 1, we could strip the last from digit allcode words of length nM , reducing �n and contradictingthe optimality. 2



58 CHAPTER 2. APPLIED STATISTICSThe reason that we can strip the last digit from a code wordwithout the result being another code word is the fact that thecode is assumed to be an instantaneous code, were no code wordis the pre�x of another.We construct a problem that is one step smaller by dropping xM , lettingp0i = pi for i = 1; : : : ;M � 2, and setting p0M�1 = pM�1 + pM . We solvethe problem of size M � 1 by recursion (most likely after having reorderedthe symbols, since p0M�1 is most likely no longer the smallest probability),yielding an optimal instantaneous code C 0 = fW 0i : i = 1; : : : ;M � 1g. Wenow construct from this a code C = fWi : i = 1; : : : ;Mg for the problem ofsize M . This is done by setting Wi = W 0i for i = 1; : : : ;M � 2 and settingWM�1 = W 0M�10 and WM = W 0M�11.The Hu�man procedure results in an optimal instantaneous code C.Proof: We prove this by induction over the size M . For thebase case M = 2, we have the code x1 ! 0 and x2 ! 1, whichis clearly both optimal and instantaneous.If C0 is instantaneous, then C will also be instantaneous, sincedue to the way the code C0 is extended, no code word will bea pre�x of another. We now need to prove that given that theprocedure yields an optimal code for size M � 1, it will alsoyield an optimal code for size M . Assume the opposite5, i.e.,that there is a better code C00 = fW 00i : i = 1; : : : ;Mg, and thusthat PMi=1 pin00i < PMi=1 pini. We will use this code to createa new code C000 = fW 000i : i = 1; : : : ;M � 1g for M � 1 thatis better than C0, contradicting the induction assumption andthus establishing the induction step.Again we remove W 00M and set W 000i = W 00i for i = 1; : : : ;M � 2,strip the last digit fromW 00M�1, and assign p000M�1 = pM�1+pM .Before we deliver the �nal blow, we will summerize what wehave got this far:n0i = ni for i = 1; : : : ;M � 2n000i = n00i for i = 1; : : : ;M � 2nM�1 = nMn0M�1 = nM�1 � 1n00M�1 = n00Mn000M�1 = n00M�1 � 1p000i = p00i = p0i = pi for i = 1; : : : ;M � 2p00M�1 = pM�1p000M�1 = p0M�1 = pM�1 + pMp00M = pMMXi=1 pin00i < MXi=1 piniNow we go for the kill:M�1Xi=1 p000i n000i � M�1Xi=1 p0in0i =5This is a regular trick in Mathematics: To prove P under the assumptions �, assume:P and prove that :P ^ �) ?. Of course, � is required to be consistent.



2.3. MULTIVARIATE ANALYSIS 59= M�2Xi=1 p000i n000i + p000M�1n000M�1 �M�2Xi=1 p0in0i � p0M�1n0M�1 == M�2Xi=1 pin00i + (pM�1 + pM )(n00M�1 � 1) �� M�2Xi=1 pini � (pM�1 + pM�1)(nM�1 � 1) == M�2Xi=1 pin00i + pM�1n00M�1 + pMn00M�1 � pM�1 � pM �� M�2Xi=1 pini � pM�1nM�1 + pMnM�1 + pM�1 + pM == MXi=1 pin00i � MXi=1 pini < 0Thus C000 is a better code than C0, and we have established acontradiction. The induction step must therefore be valid, andthus the entire claim. 22.2.4 More on Information TheoryThe plan is to extend the section on Information Theory considerably toinclude among other things the Noisy-Channel Model. In the mean while,we refer the reader to [Ash 1965].2.3 Multivariate AnalysisThe plan is to include a rather long section on Multivariate Analysis. Inthe mean while, we refer the reader to [Tatsuoka 1988].2.4 Sparse DataThe plan is to include a section on Sparse Data covering at least the follo-wing:� Overtraining.� Back-o� Smoothing: Use the distributions in more general contextsto improve on the MLE of the probs (ie, rel freqs).� Good-Turing Reestimation: General consideration on how populationdistributions behave. r� = (r + 1) � Nr+1Nr and ~Pr = r�N . Controversialintuition: Population size for each rank invariant, Nr � r = C orNr = Cr . Cf. Zipf's law, [Zipf 1935].� Deleted Interpolation: Maximize the probability of held out dataw.r.t. the backo� weights.� Successive Abstraction.In the mean while, we refer the reader to [Jelinek & Mercer 1980] for DeletedInterpolation, to [Good 1953] and [Katz 1987] for Good-Turing reestima-tion, and to [Samuelsson 1996] for Successive Abstraction.
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Chapter 3Basic Corpus Linguistics3.1 Empirical EvaluationChinchor et al. write in Computational Linguistics 19(3): "One of the com-mon problems with evaluations is that the statistical signi�cance of theresults is unknown", [Chinchor et al 1993], p. 409.Empirical evaluation of natural language processing systems in generalis very young. The attempt to put evaluation of the e�ciency of speechrecognition, and natural language processing systems on solid grounds star-ted at the end 80ies in the US within the (D)ARPA1 speech and naturallanguage workshops as well as the (D)ARPA message understanding con-ferences. First evaluation settings were so called blackbox evaluations,i.e. the systems under evaluation are tested as a whole, no informationabout the performance of single system components can be made. In orderto cope with this drawback a di�erent type of evaluation setting, calledglassbox evaluation, has been created. The task is to provide guidelinesand measures for detailed evaluation of single system components. Crucialpreconditions for e�ciency evaluation are: (1) thoroughly designed test ma-terial, corpora annotated according to the tasks tested, and (2) suiteableevaluation models and measures.The theoretical background for measuring system e�ciency stems frominformation retrieval research. In the following major characteristics of abasic e�ciency evaluation model, and its adaptation to natural languageprocessing tasks will be described.3.1.1 Contingency TablesContingency tables are matrices to represent classi�cations of observations.The use of contingency tables in natural language system evaluation wasin
uenced by work in information retrieval research. In a simple settingcontingency tables summarize results of binary decisions (yes/no decisions)on categories which are de�ned to classify a text. Considering a single ca-tegory n binary decisions have to be made to characterize n units of text,see �gure 3.1. The elements of a in �gure 3.1 are called true positivesor hits more colloquially speaking, i.e. elements that are correctly detectedas positives by the system. The elements of b are named false positi-ves or false alarms, i.e. elements that are wrongly considered as positives.1(Defence) Advanced Research Projects Agency61



62 CHAPTER 3. BASIC CORPUS LINGUISTICSElement classes c and d are called false positives (misses) or true ne-gatives (correct rejections) respectively. False negatives are positives thatare rejected by the system, true negatives on the contrary are correctly de-tected negatives. In terms of probabilities the �elds of a contingency tableare �lled with conditional probabilities, see �gure 3.2, with A representingthe number of positive decisions made by the system, N representing thenumber of rejections made by the system, a and n representing the totalnumber of positives and negatives in the test set. Note that the proba-bilities of true positives and false negatives, and false positives and truenegatives respectively sum up to one.Yes is Correct No is CorrectDecides Yes a b a+bDecides No c d c+da+c b+d a+b+c+d=nFigure 3.1: contingency table for binary decisions, cf. Chinchor et al. 93Yes is Correct No is CorrectDecides Yes P (Aja) P (Ajn)Decides No P (N ja) P (N jn)1.0 1.0Figure 3.2: contingency table with probabilities3.1.2 Important Measures on Contingency TablesThe most importantmeasures de�ned on contingency tables are the comple-teness measures recall, also known as true positive rate, fallout, the falsepositive rate, and precision, a measure for accuracy. Recall and falloutwere �rst used in signal detection theory [Swets 64] to measure a system'sability to detect signals within noise. In information retrieval fallout is of-ten replaced by precision. Another measure interdependent with precisionis error rate.In terms of distinguishing signals from noise, recall characterizes thenumber of correctly detected signals wrt. all signals presented. Falloutdetermines the number of correctly detected non-signals relative to the totalnumber of non-signals, and precision determines the number of correctlydetected signals relativ to the total number of items considered as signalsby the system.According to �gure 3.1 recall, fallout and precision can be de�ned asfollowing: recall = aa+ cfallout = bb+ dprecision = aa+ b = true positivestrue positives + false positives = accuracyerror rate = 100%� precision



3.1. EMPIRICAL EVALUATION 633.1.3 Extended Contingency Table ModelIn evaluation of message understanding systems the contingency table mo-del is adapted according to the needs of natural language systems' evalua-tion for more �ne-grained and distinctive scoring. The binary decision bet-ween correct and incorrect system output as characteristic for contingencytables is replaced by a dichotomy of answers between correct and incorrect.This is achieved by modelling the system as making binary decisions bet-ween generation of correct and incorrect �llers for database templates. Foreach message in the test set appropriate �lls for the database templates areprede�ned. These template �lls are called answer keys.2 Thus the numberof YES decisions made by the system is regarded as the number of �llersgenerated by the system, while the number of positive decisions to be madeat all is the number of �llers in the answer key. Figure 3.3 gives an over-view of scoring criteria developed within MUC-3 ([MUC-3 1991]). Partialmatches (PAR) between system answers and answer keys are scored as halfcorrect.Category CriterionCorrect COR system response = keyPartial PAR response �= keyIncorrect INC response 6= keySpurious SPU blank key vs non-blank responseMissing blank response vs non-blank keyNoncommittal NON blank response and blank keyFigure 3.3: scoring criteria, cf. Chinchor et al. 933.1.4 Measures, ExtendedAccording to the above established criteria the already familiar evaluationmetrics of recall, precision and fallout can be computed. Recall refers tothe completeness of �lls attempted by the system. Precison refers to theaccuracy of attemted �lls, and fallout refers to the degree of incorrect �llsproduced by the system relative to the number of possible incorrect �lls(POSINC). A new measure, called overgeneration, is introduced. Over-generation refers to the degree of spurious generation, i.e. the numberof false decisions (not correct items are judged as correct) wrt. the totalnumber of decisions made by the system.In order to provide non-trivial information on system e�ectiveness atleast two measures have to be considered. Perfect system performance forinstance could be characterized in terms of 100% precision and 100% recallor 100% recall and 0% overgeneration.recall = COR+ 0:5 � PARPOSprecision = COR+ 0:5 � PARACTfallout = INC + SPUPOSINC2For a detailed description of generation of answer keys see [Chinchor et al 1993].



64 CHAPTER 3. BASIC CORPUS LINGUISTICSovergeneration = SPUACT#POS = #COR+#PAR+#INC +#MIS#ACT = #COR+#PAR+#INC +#SPUAnother type of measure is the so called \+1-2{scoring", which origi-nates from evaluation of speech recognition systems. The measure allowsfor the option not to answer without penalty. Correct answers are scored+1, incorrect ones are scored -2, and no system responses are scored -1.3.1.5 Loose Attempts on Measuring System E�ciencyApart from systematic attemts to evaluate the performance of systems, anumber of other, more or less loose, criteria are mentioned in the literature:time and space complexity (O-notation), measures for the correctness of theoutput of part-of-speech taggers, robustness, and ease of adaptability to dif-ferent domains or languages. The e�ectiveness of part-of-speech taggers ismeasured in terms of accuracy, i.e. the percentage of correctly assignedparts-of-speech in running text. The notion of robustness addresses a sy-stem's ability to cope with corrupted or ungrammatical input. This featureis extremely relevant for real world applications, where ungrammatical3 andcorrupted input is likely to appear, e.g. speech signals corrupted by noise,repairs in speech, headlines and various kinds of insertions in newspapertext, etc. Even though robustness is a major factor for a system's quality,there are no objective criteria for measuring robustness. The same is truefor adaptability. Adaptability addresses the question how easily a systemcan be adapted to new domains and languages.In the following we examine criteria for empirical evaluation of part-of-speech taggers.3.1.6 Empirical Evaluation of Part-of-Speech Taggers:A Case StudyThe most prominent feature in the evaluation of part-of-speech taggers isaccuracy. There might be at least two accuracy measures, one measuringthe percentage of correct output on word level, the other measuring thepercentage of correct output on sentence level, cf. [Merialdo 1994]. It isobvious that accuracy on sentence level will always be below accuracy onword level. The performance of state of the art taggers is exclusively mea-sured by word level accuracy. Word level accuracy of state of the art taggersranges from 95% [Church 1988], 96% [DeRose 1988], [Cutting et al 1992]to the extreme of 99% [Church 1988]. For a discussion of comparabilityproblems of accuracy data cf. also [Abney 1997]. Accuracy is coupled withdi�erent conditions the systems operate on. Thus comparability of the qua-lity of the output of systems depends on comparability of conditions suchas:3Ungrammaticality as opposed to a strong notion of grammaticality such as Chom-sky's notion of competence grammar.



3.2. CORPORA 65� Size of the tagset used: It is more likely to achieve modest taggingresults with a small tagset.� Size of training corpus and size of tagset: The size of the training setwrt. the size of the tagset used a�ects accuracy. Taggers working onsmall tagsets achieve relatively good results when trained on smallcorpora (some 10 to 100 000 words) while increasing the size of thetagset reduces accuracy in case the size of the training set is notincreased accordingly.� Type of training and test corpus: The type of corpora used for trai-ning and testing a�ects the quality of a tagger's output in severalways. Accuracy di�ers whether training and testing material arederived from a similar type of corpus or not, and whether the sy-stems compared train and test on comparable corpora. As an exam-ple for di�erences in training and test corpus see experiments withVOLSUNGA [DeRose 1988]. The experiments revieled accuracy dif-ferences due to the type of test corpus.� Complete or incomplete vocabulary: Accuracy is higher in case allwords in the test corpus are known (complete vocabulary) than incase the test text comprises unknown words (incomplete vocabulary).� Type of vocabulary: Di�erent systems make use of di�erent typesof vocabulary, such as vocabulary derived from test and/or trainingcorpus including frequency information relativ to the corpus in que-stion, external lexica with or without a morphology component, extralists of collocations, etc. An example for the e�ect of the change inaccuracy due to change in vocabulary is given in [DeRose 1988]. Theaddition of an idiom list to the vocabulary improved the accuracy ofthe tagger described from 94% to at least 96%.Accuracy also di�ers wrt. the trade-o� between training method, sizeof training corpus, and number of iterations in training. For a detailedanalysis see [Merialdo 1994].Summing up, questions typically kept quiet about are:How successful is a tagging method reaching 96% accuracy when 90%?On the basis of which data is accuracy computed? Is it either ameasure of precision or simply the percentage of positives found?Are the �gures reported for the accuracy of di�erent taggers compa-rable at all?3.2 CorporaThe number of corpora (text and speech), and lexical databases available isconstantly increasing; see for example �gure 3.2. Various initiatives for datacollection and speci�cation of annotation guidelines exist, cf. �gure 3.1.Especially, LDC has become a major site for the distribution of corpora,lexical databases, and corpus processing tools.



66 CHAPTER 3. BASIC CORPUS LINGUISTICSInitiative Acronym LocationData Collection Initiative ACL/DCI University ofof the Association of Pennsylvania, USAComputational LinguisitcsEuropean Corpus Initiative ECI University of Edinburgh,Scotland(Defense) Advanced Research (D)ARPA/LDCand Projects AgencyLinguistic Data Consortium LDCText Incoding Initiative TEI University ofPennsylvania, USAInternational Computer Archive ICAME Bergen, Norwayof Modern EnglishCentre for Lexical Information CELEX Nijmegen, NLTable 3.1: data collection and coding initiatives3.2.1 Types of CorporaCorpora are used for training and testing of statistic models of natu-ral language and speech, and for evaluation of components of naturallanguage systems; cf. sections 3.1 and 3.2.2. We distinguish raw andannotated corpora. Annotations are formal representations of partial lin-guistic descriptions. Due to generalization properties (�nd local maximafrom parameters set) of statistical models, learning from annotated data(supervised learning) leads to better results than learning from raw data(unsupervised learning). Corpora di�er according to the selection of mate-rial collected. We distinguish balanced, pyramidal and opportunisticcorpora.The most prominent types of corpora are part-of-speech tagged cor-pora, and corpora annotated with syntactic structure. They are usedfor various kinds of natural language statistics such as part-of-speech tag-ging, stochastic grammar induction, stochastic parsing, disambiguation ofstructural or semantic ambiguities, machine translation, lexical knowledgeacquisition, etc. In the case of machine translation, parallel corporaare required, i.e. corpora that consist of texts and their translations. Fortraining and testing of speech recognition systems, time aligned, phon-logically transcribed speech corpora are required. For the time being,corpora anotated with discourse structure and semantically annota-ted corpora are rare. (Cf. table 3.2.)Corpora According to Text TypeBalanced corpora per de�nition consist of di�erent text genres of sizeproportional to the distribution (relevance) of a certain text type wi-thin the language in question. Which of course is tricky to operatio-nalize. See the Brown Corpus as an attempt to construct a balancedcorpus.Pyramidal corpora range from very large samples of a few representativegenres to small samples of a wide variety of genres.



3.2. CORPORA 67Opportunistic corpora: Most corpora available can be characterized asopportunistic which means \take what you can get!"Corpora According to Annotation TypeRaw: Text is tokenized and cleaned, e.g. control characters are eliminated.Text type, headlines, and paragraphs are possibly marked. Cf. theECI MCI.PoS-tagged: Raw text is annotated with syntactic category at word level(part-of-speech PoS).Treebanks: PoS-tagged text is annotaded with sceletal syntactic struc-ture. Typically, a parse grammar is de�ned. Corpora are automati-cally parsed. Parse trees are selected and if necessary corrected byhuman annotators. Word strings for which no parse tree is found bythe grammar are either omitted or manually annotated. Cf. the PennTreebank I and II, [Marcus et al. 1994].Linguistically interpreted corpora: In contrast to treebanks, where onlysyntactic category and phrase structure is annotated, linguisticallyinterpreted corpora aim at deliberate annotation of various kinds oflinguistic information; cf. [Black et al. 1996], [Skut et al. 1997].Corpora According to UseTraining: Statistical models for NL and speech processing are trained on,we may also say learn from, large, typically annotated corpora.Testing: Test corpora are used for evaluation of statistical models aftertraining.Evaluation: For system component evaluation, particularly annotated cor-pora (cf. [MUC-3 1991]) and test suites (cf. [Lehmann et al. 1996])are used.3.2.2 Test Suites versus CorporaTest suites are deliberately constructed linguistic data, speci�ed accordingto particular features to be tested. Thus, the annotation schemes are de-signed such that the characteristics of particular linguistic phenomena areoptimally captured. Test suites are:� Arti�cial: Selected linguistic phenomena are considered in isolation.Example data are constructed such that particular phenomena areexhaustively described. The lexicon is kept as small as possible.� Restricted with respect to the number of phenomena treated: Onlyphenomena central to the particular evaluation task are described.� Descriptive: Linguistic properties of isolated phenomena are descri-bed. Theory speci�c assumptions are avoided.� Competence driven: The examples are constructed by linguists ac-cording to the above speci�ed criteria.� Collections of positive and negative examples: The linguistic pheno-menon of interest is described by systematically varied, annotatedgrammatically correct and false examples.



68 CHAPTER 3. BASIC CORPUS LINGUISTICSIn contrast to test suites, corpora consist of real world data, i.e. lan-guage data as occurring in running text and speech. Thus, major charac-teristics of corpus data are:� Linguistic phenomena occur in context.� Combination of performance and competence aspects of language:Corpus data re
ect language usage. Thus, all data, even data that arefalse in terms of competence grammar must be considered as positivedata.� Frequency information on a variety of phenomena instead of full co-verage of selected phenomena.� All data appearing must be captured by the annotation scheme.3.2.3 TokenizationTokenization of text, i.e. splitting up a text into tokens (words, numbers,abbreviations, acronymes, dates, etc.) is not as simple as it might seem at�rst glance. To get a 
avour of what is meant, see the following examples.Full Stop versus Period: Sentence boundaries are not obvious. Periodsare tokens on their own (full stop), or they are part of tokens, e.g. inthe case of abbreviations, dates, ordinals, enumerations.Dashes: might be token internal (needle-like, corpus-based), but they arealso used for punctuation (..., will contain 16 processors - twice asmany as ... ). The distinction seems to be easy, but what if blanksare missing or wrongly inserted? Words are usually delimited byblanks, or a blank and a punctuation mark. Most English compoundnouns in contrast to German ones are graphically not distinct fromnon-compounds (fruit cake, sandwich maker). There are even worsecases: how to deal for instance with New York-based? Dashes alsoappear in clitics such as in French verb subject inversions, e.g. a-t-il(has-t-he). Here the question arises: How many tokens are there?One { a-t-il, two { the verb a (has) and the pronoun il (he), three{ verb, pronoun and clitic t, or even �ve { verb, hyphen, clitic t,hyphen, pronoun? A standard solution is to delete the clitic t andthe hyphens during preprocessing, thus information on the clitic islost. A solution to preserve information given by the clitic is eitherto consider the whole string as one cliticised token, or as complexexpression consisting of three tokes, namely the verb a, the clitic t,and the pronoun il.Acronyms: appear in various shapes:� capital letters only e.g. IBM (International Business Machines),BBC (British Broadcasting Company);� uppercase and lowercase letters mixed with or without periods,e.g. Ges.m.b.H. (Gesellschaft mit beschr�ankter Haftung, privatelimited liability company);Thus, acronymes must be distinguished on the one hand from ordi-nary words in capital letters such as headlines, and on the other handfrom abbreviations. A clear distinction between abbreviations andacronyms is problematic as acronyms are abbreviations that functionas names or have become names.



3.2. CORPORA 69Apostrophes: There is a number of words occurring with a single quote,such as engl.: can't, he'll, he's, father's, or 'z in the French string les'z oreilles (the 'z ears). Can't is really tricky as it can be rewrittenas cannot or can not. While the �rst looks pretty like a single word(one token), the second consists obviously of two tokens, a verb andan adverb. He'll can be rewritten as he will, thus a two token analysisseems to be justi�ed. As a consequence 'll must either be consideredas a word, or reinterpreted as will. From a linguistic point of view thesecond solution would be the preferred one. In the case of he's andfather's, we have a similar surface form wordstring+apostrophe+s4,but di�erent interpretations of s, with the former a shorthand forthe verb is, and the later a morphological marker for case genitive.Thus, a two token analysis of the former, but a one token anaysis forthe later is justi�ed. In the case of les 'z oreilles, 'z represents thephonological liaison between the phonemes [s] and [o]. Thus, z neitherbelongs to les nor to oreilles and therefore should be treated as tokenon its own.3.2.4 Training and TestingThere are di�erent ways to train and test stochastic models for naturallanguage and speech processing:Training and testing on one corpus type: A corpus is divided into twoparts comprising similar text genres. One part (the larger one) is usedfor training and thus is called training corpus, the other part is usedfor testing, obviously the test corpus.Training and testing on di�erent corpus types: If a statistical mo-del is trained on one corpus type and tested on another, the result islikely to be worse than the result obtained from training and testingon the same corpus type. In order to get a clearer picture of a model'sperformance it is trained and tested on various subcorpora.Testing on the training set: This is what you better don't! Testing onthe training set means that the same corpus is used for training andtesting, which is a major sin in corpus linguistics. Due to the factthat the model is already optimized on the test corpus, the outcome oftesting is much better than it would be for any another test set. Thus,no valid statement about the performance of the statistical model ispossible.3.2.5 TagsetsTagsets vary in size, contents, complexity, and level of annotation.The size of tagsets varies from approx. 40 to 200 di�erent tags, e.g. 36PoS-tags and 20 tags for non-terminals in the Penn Treebank, or 197PoS- tags in the London-Lund Corpus.Tagsets di�er with respect to linguistic classi�cation , see for instanceGerman participles. They can be classi�ed as verbal and adjectivalor verbal forms. In the later case, participles used as adjectives andadjectives proper fall into one class. Thus, depending on the decisions4+ is here used as concatenation operator.



70 CHAPTER 3. BASIC CORPUS LINGUISTICSmade in the annotation scheme, tagsets are not necessarily compati-ble.Tagsets vary in granularity of the information conveyed. The LOB andBrown tagsets for instance distinguish conjunctions and prepositions,whereas this information is con
ated into a single tag in the PennTreebank. In contrast to tagsets with di�erent classi�cations, tagsetswith di�erent granularity but the same partition of linguistic infor-mation can be easily transformed into each other.Tagsets di�er with respect to the complexity of tags, i.e. a tag couldconvey simplex or complex information. Part-of-speech tags for in-stance represent syntactic category only or syntactic category andin
ection . The former is su�cient for languages with little in
ectionsuch as English. The later is perferable for highly in
ecting languageslike German and French.Summing up, current tagsets represent mainly syntactic information,i.e. syntactic category (such as noun, verb, adverb, adjective, pronoun,article, etc.), and phrase structure (non-terminals, such as NP, VP, S, : : : ).Even in the case of highly in
ecting languages, morphological informationis largely omitted in the annotion.In the majority of tagsets di�erent classes of information are mingledinto a single tag; e.g. syntactic category and in
ection, word level andphrase level information. A typical example for the former are verbs asthey usually are annotated according to their syntactic category (main,auxiliary, modal) and their in
ectional properties, such as �nite, in�nite,past participle, present participle.Examples for the later are adjectives and pronouns. Adjectives are oftencategorized as attributive or predicative. Thus, phrase level informationis annotated at word level. Some German pronouns for instance can beannotated according to their syntactic context as attributive (e.g. vieleKinder kamen, many children came), substituting (e.g. viele kamen, manycame), or even as accompanied by a determiner (die vielen Kinder kamen,the many children came). Cf. the tagset presented in [Thielen and Schiller1995].Apart from syntactic category and in
ection, tagsets also comprise tagsfor foreign words, unknown words, multi-word lexemes, symbols, etc. Tag-sets for semantic or pragmatic annotation are still rare.For examples of various tagsets see appendix D.



3.2. CORPORA 71Corpus Name Appearance AvailabilityBrown Corpus text freely availablePoS-tagged contact:Henry Kucera@brown.eduretagged and parsed not freely availableby Penn Treebank project contact: LDCldc@linc.cis.upenn.eduhttp://www.ldc.upenn.eduLOB (Lancester-Oslo/Bergen Corpus text available through ICAMEand London/Lund Corpus) PoS-tagged contact: icame@hd.uib.noBritish National Corpus text and speech freely availablePoS-tagged within Europecontact: natcorp@oucs.ox.ac.ukUnited Nations parallel text available through LDCParallel Text Corpus English, French, SpanishLanguage Bank of Modern Swedish text non-commercial use onlypartially with concordances contact: Goteborg UniversityDept. of ClWall Street Journal text available on ACL/DCI CD-ROM IDSO Corpus sense-tagged English available through LDCnouns, verbsCollins English Dictionary '79 edition lexicon available on ACL/DCI CD-ROM ICELEX-2 lexicon available through LDCEnglish, German, Dutchgraphemic, phonemic transcriptionmorpheme and syllable structureword stressWord Net conceptual word hierarchyPenn Treebank II text available through LDCPoS-tagged contact: ldc@linc.cis.upenn.eduphrase structuredependency structureECI MCI raw text available through ELSNETEuropean Corpus Initiative's contact: elsnet@let.ruu.nlMultilingual Corpus IMARSEC speech available throughMachine-Readable orthographic transcription Uni LancesterSpoken English Corpus time-aligned Dept. of Ling.Groningen Speech Corpus speech available through SPEXorthographic transcription contact: spex@spex.nlTIMIT speech available through LDCtime-alignedphonetic and orthographictranscription, speech waveformsATIS speech available through LDCgraphemic transcriptionclassi�cation ofutterancesspeech waveformsVERBMOBIL speech availabledialoguesorthographic transcriptiondialogue structureTable 3.2: corpora and lexical databases
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Chapter 4Stochastic GrammarsThe basic idea behind stochastic grammars is to augment a grammaticaltheory with probabilities, thereby assigning probabilities to strings, parsetrees and derivations. Or as Rens Bod puts it ([Bod 1995b], p. 14):\What does a statistical extension of a linguistic theory, oftenreferred to as a \stochastic grammar", look like? In the lite-rature, we can observe the following recurrent theme: (1) takeyour favorite linguistic theory (a competence model), (2) attachapplication probabilities to the productive units of this theory."There are several reason for wanting to do this. One reason is to beable to rank various word strings according to probability to select the mostprobable one from a set of string hypotheses, for example generated by aspeech-recognition system. In this case, the stochastic grammar is used as alanguage model. Another reason is to be able to select a preferred analysis,amongst those assigned to a given word string by the linguistic theory, byselecting the most probable one. In this case, the stochastic grammar is usedfor disambiguation. A third reason, although related to the second one, is tospeed up parsing and/or limit the search space by pruning away suboptimalor improbable search barnches, so-called preference-based parsing. [Kimball1973] and [Marcus 1980] constitute highly interesting reading on rule-basedversions of this, and their psycholinguistic motivations.We will in the following consider various stochastic extenstions of context-free grammars, and we will start by recapitulating some formal languagetheory.4.1 Some Formal Language TheoryA formal grammar is a system for rewriting strings over some alphabet V .4.1.1 Context-free GrammarsA context-free grammar G is a quadruple hVN ; VT ; S;Ri where:VN is a �nite set of nonterminal symbols.VT is a �nite set of terminal symbols. Let V denote VN [ VT .S 2 VN is a distinguished start symbol, or axiom.R is a �nite set of productions X ! � where X 2 VN and � 2 V �.The string �X
 2 V � can be rewritten in one step as ��
 2 V � i�X ! � is in R. This means that one occurrence of the nonterminal symbol73



74 CHAPTER 4. STOCHASTIC GRAMMARSX in a string is replaced by the string �. This is denoted �X
 ) ��
.In general, if a string � 2 V � can be rewritten as the string  in a �nitenumber of steps, this is denoted �)�  . Thus )� is the transitive closureof the relation ). The number of rewrite steps can be zero, thus allowing� )� �, i.e., )� is re
exive. If S )� �, i.e., if � can be derived from thestart symbol S, then � is said to be a sentential form.L(G) denotes the set of strings over VT generated by G and is de�nedas f! 2 V �T : S )� !g.A context-free grammar is said to be in Chomsky Normal Form (CNF),if the productions are either of the form Xi ! XjXk, a binary productionrewriting a nonterminal as two nonterminals, or of the form Xi ! w wherew 2 VT , a unary production rewriting a nonterminal as a single terminalsymbol. Also allowing productions of the form Xi ! Xj , i.e., unary pro-ductions rewriting a nonterminal as another single nonterminal, results ingrammars in Extended Chomsky Normal Form (ECNF).4.1.2 DerivationsA derivation of a string of terminal symbols ! is a sequence of string rewritesS = �0 ) : : :) �M = !over V where the �rst sentential form, �0, consists of the axiom S only andthe last one, �M , is !. This is the leftmost derivation i� in each step, theleftmost nonterminal symbol of the sentential form is rewritten. A leftmostderivation step is denoted )l and the transitive closure is denoted )�l .This means that for a leftmost derivation�m = �X
� 2 V �TX 2 VN
 2 V �X ! � 2 R�m+1 = ��
Note that �m is uniquely decomposed into an initial (possibly empty) stringof terminals, followed by a nonterminal, followed by the rest of the string.Since this speci�es in each rewrite step which nonterminal of the stringwill be rewritten, we can represent a leftmost derivation as the sequencer1; : : : ; rM of rules applied in each step.We will now proceed to establish the correspondences between deriva-tions and parse trees.4.1.3 TreesA tree � is a connected directed acyclic graph. Let the set of nodes bedenoted N . There is a function ` that maps the nodes of the tree into someset of symbols, the so-called labelling function. The arcs in the tree depictthe immediate-dominance relation ID. If n immediately dominates n0, thenn is called the mother of n0 and n0 is called a daughter of n. The immediate-dominance relation is intransitive and irre
exive. Its transitive closure iscalled the dominance relation, denoted D. This relation is transitive andantisymmetric, and thus re
exive.



4.1. SOME FORMAL LANGUAGE THEORY 75There is also a partial order indicated by the horizontal position ofeach node | the precedence relation P. This relation is transitive andasymmetric (and thus irre
exive). If one node dominates another, neitherone of them precedes the other. Thus a pair of nodes hn; n0i can be amember of P only if neither hn; n0i nor hn0; ni is a member of D.Arcs in the tree are not allowed to cross. This means that if somenode precedes another node, all nodes that the former dominates precedethe latter, and that the former node precedes all nodes the latter nodedominates. This can be stated formally as8n; n0; n00 P(n; n0) ^ D(n; n00) ) P(n00; n0)and 8n; n0; n00 P(n; n0) ^ D(n0; n00) ) P(n; n00)In addition to this, we will require that for any two distinct nodes n and n0,they are related either by D or P, i.e., exactly one of the following holds:D(n; n0); D(n0; n); P(n; n0) or P(n0; n)A tree has a single root, i.e., there is a unique minimal element w.r.t. D.If � is a tree, then R(� ) denotes the root of � . The maximal elements w.r.t.D are called the leaves of the tree. These must be ordered by P, and theordered sequence of the labels of the leaves is called the yield of the tree.Y(� ) denotes the yield of the tree � . The non-maximal elements w.r.t. Dare called internal nodes.4.1.4 Parse TreesA parse tree (or derivation tree) of any string of terminal symbols ! genera-ted by a context-free grammarG as de�ned above must obey the following:� The root of the tree is labelled with the axiom S.� All leaves of the tree are labelled with elements in VT . More speci�cly,the yield of the tree must be !.� All internal nodes are labelled with elements in VN .� If there is a node labelled X in the parse tree that immediately do-minates nodes n1; : : : ; nK labelled X1; : : : ; XK (where ni precedes njfor i < j, i.e., P(ni; nj)), then there is a production in G of the formX ! X1; : : : ; XK .T (G) denotes the set of parse trees generated by the grammar G and isde�ned as f� : Y(� ) 2 L(G)g.A grammar G is said to be �nitely ambiguous i� there is only a �nitenumber of parse trees for any �nite string in L(G), i.e., if8! 2 L(G) j!j <1! jf� : Y(� ) = !gj <1This is equivalent to requiring that no (nonterminal) symbol can be rewrit-ten as itself in one or more rewrite step, i.e., that X )+ X is impossible.We will in the following assume that the grammars are �nitely ambiguous.Even so, the number of parse trees in general grows exponetially in thestring length.



76 CHAPTER 4. STOCHASTIC GRAMMARSA partial parse tree is a parse tree where we have dropped the require-ments that the root must be labelled with the axiom S and the leaves mustbe labelled with terminals. Partial parse trees can be combined throughtree substitution. We will here de�ne leftmost tree substitution.Leftmost tree substitution:Let � and � 0 be partial parse trees. Let � �� 0 denote � extendedby identifying the leftmost (i.e., minimal w.r.t. P) leaf of �labelled with a nonterminal symbol with the root of � 0. Theselected leaf node of � is called the substitution site. The labelof the substitution site much match the label of the root of � 0.The dominance and precedence relations D and P are extendedaccordingly. Although the tree-substitution operation is notassociative, let � � � 0 � � 00 denote ((� � � 0) � � 00).hPacked parse forests will be de�ned in a later release.i4.2 Stochastic Context-free GrammarsThe simplest example of how a grammar can be augmented with a pro-babilistic theory is a stochastic context-free grammar (SCFG); we simplyadd a probability distribution P on the set of productions R. A stochasticcontext-free grammar is thus a quintuple hVN ; VT ; S;R; P i where:VN is a �nite set of nonterminal symbols.VT is a �nite set of terminal symbols. Again V denotes VN [ VT .S 2 VN is a distinguished start symbol, or axiom.R is a �nite set of productions X ! � where X 2 VN and � 2 V �.P is a function from R to [0; 1] such that:8X 2 VN P�2V � P (X ! �) = 1Note the conditioning on the LHS symbol of the production ri. The follo-wing is a simple example of a SCFG:S ! NP VP (1.0)VP ! V (0.5)VP ! VP PP (0.5)NP ! John (1.0)V ! sleeps (1.0)PP ! outside (1.0)We will de�ne string probabilities in terms of tree probabilities, whichin turn will be de�ned in terms of derivations probabilities. One couldalternatively de�ne string probabilities dirctly in terms of derivation pro-babilities.� The probability of a string is de�ned as the sum of the probabilitiesof the parse trees that have this string as a yield.� The probability of a parse tree is de�ned as the probability of thecorresponding leftmost derivation.Let the leftmost derivation be represented by the sequence of produc-tions used in each rewrite step, and let the random variable �m be theproduction used in rewrite step m. We can thus view a leftmost derivationas a stochastic process �1; : : : ; �M , see Section 2.1.1, where the set of states



4.2. STOCHASTIC CONTEXT-FREE GRAMMARS 77are the set of productions of the grammar. This allows us to de�ne theprobability of a leftmost derivation recursively:P (�1 = ri1 ; : : : ; �M�1 = riM�1 ; �M = riM ) == P (�M = riM j �1 = ri1; : : : ; �M�1 = riM�1) ��P (�1 = ri1; : : : ; �M�1 = riM�1) == MYm=1P (�m = rim j �1 = ri1 ; : : : ; �m�1 = rim�1 )To fully characterize this stochastic process, we need to specify the pro-babilities P (�m = rim j �1 = ri1 ; : : : ; �m�1 = rim�1 ) for all possible valuesof m = 1; : : : ;M and i1; : : : ; iM . The independence assumption P (�m =rim j �1 = ri1 ; : : : ; �m�1 = rim�1 ) = P (rim) is characteristic for stochasticcontext-free grammars. Here P (ri) is the probability of production ri givenby the stochastic grammar. This means that the probability of rewritinga nonterminal X with a production in R is independent of the previoussequence of rewrites. Thus we haveP (�1 = ri1; : : : ; �M = riM ) = MYm=1P (rim)However mathematically sound, this approach obscures the rather intri-cate relationship between the sequence of derivation steps and the currentleftmost nonterminal node in the partial parse trees resulting from eachderivation step. Each production X ! X1; : : : ; XK in R corresponds to apartial parse tree where the root, labelled X, immediately dominates a se-quence of nodes labelled X1; : : : ; XK , and where there are no other nodes.Now, let �m be the partial parse tree corresponding to rm in a leftmostderivation r1; : : : ; rM . Then �1 � : : :� �M is the parse tree corresponding tothis leftmost derivation.Consider the sequence of partial parse trees tm = �1 � : : : � �m resultingfrom the m �rst rewrite steps for m = 1; : : : ;M . Note that the �nal parsetree is simply the last element tM of this sequence. It is more natural todiscuss the probability of the resulting parse tree in terms of this sequenceof partial parse trees, rather than in terms of the sequence of rewrite steps,although they are isomorphic. This yields the following formulation of theprobability of a parse tree � :P (� ) = P (tM) = MYm=1P (�m j tm�1) (4.1)tm = �1 � : : : � �m 1 � m � Mt0 = 2664 N = fn0gD = fhn0; n0igP = ;`(n0) = S 3775P (�m j �1 � : : : � �m�1) = P (rm j r1; : : : ; rm�1)We will use some extractor function g(tm) to extract the relevant in-formation from the partial parse tree tm when estimating the probabilitiesP (�m+1 j tm). This means that we will only look at the portions of the treethat we think are relevant for estimating this probability:P (�k+1 j tm) � P (�k+1 j g(tm)) (4.2)



78 CHAPTER 4. STOCHASTIC GRAMMARSThis means that the set of possible partial parse trees is partitioned intoa set of equivalence classes, each of which is associated with a probabi-lity distribution over the set of elementary trees that constitute the set ofproductions.For stochastic context-free grammars, the interesting information is thelabel of the leftmost nonterminal of the yield of the tree, which is requiredto match the LHS of the production used in the next rewrite step. Thus,the function g(� ) is L(Y(� )), where Y(� ) is the yield of � and L(�) returnsthe leftmost nonterminal symbol of the string �.The probabilities assigned to analyses are preserved under transforma-tion to and from CNF:� Productions of the form A ! BCDE (p) with A;B;C;D;E 2 VNare replaced with a set of productions of the formA! BC0 (p), C0!CD0 (1:0) and D0 ! DE (1:0). This introduces new nonterminalsC0; D0; E0 which do not �gure elsewhere in the transformed grammar.� Productions of the form A ! B (p1) are removed. (AlternativelyExtended Chomsky Normal Form is employed.) For each productionof the form X ! �A� (p2) with �; � 2 V �, a new productionX ! �B� (p1 � p2) is introduced.� Productions of the form A! � (p1), where � is the empty string, areremoved. For each production of the form X ! �A� (p2), a newproduction X ! �� (p1 � p2) is introduced.� Productions of the form X ! �a� (p) with a 2 VT are replaced withthe production pair X ! �A0� (p) and A0 ! a (1:0).4.3 A Parser for SCFGsWe will next adapt the Viterbi algorithm discussed in Section 2.1.6 to par-sing with stochastic context-free grammars. This presentation is inspired by[Wu 1995] and we will use a variant of the Cocke-Younger-Kasami (CYK)parsing algorithm, see [Aho & Ullman 1972], pp. 314{320. The parser des-cribed in this section �nds the most probable parse (MPP) of a given inputstring ! in O(N3T 3) time and O(NT 2) space, where N = jVN j is the sizeof the nonterminal alphabet and T is the string length.Assume that VN = fX1; : : : ; XNg, where S = X1, and that ! =w1; : : : ; wT . Assume further that the grammar is in Chomsky Normal Form,see Section 4.1.1. We will maintain an accumulator �n(Xi) for each non-terminal symbol Xi in the grammar and each node n in the tree.In any parse tree, a node n uniquely determines a substring, which inturn speci�es a pair of string positions (s; t). Let wst denote ws+1; : : : ; wt,and let wst be the yield of the subtree rooted in n. This function is notnecessarily a surjunction, i.e., there may be string positions that do notcorrespond to any node in the parse tree. Nor is it necessarily an injunction,i.e., several nodes may be mapped to the same pair of string postitions. Wecan however de�ne a partial inverse function by choosing the node closestto the root. Thus � is the partial parse tree whose yield is wst and whoseroot node n is minimal w.r.t. D. More formally, Y(� ) = wst ^ R(� ) =n ^ (Y(� 0) = wst ^ R(� 0) = n0 ! D(n; n0)). The nodes that donot correspond to any pair of string positions will thus be the daughters ofunary productions. For a grammar in CNF, these nodes are the leaves ofthe tree, which will not �gure directly in the algorithm below.



4.3. A PARSER FOR SCFGS 79We thus have the set of accumulators�s;t(Xi) 1 � i � N; 1 � s < t � TThese are de�ned as the maximum probability of any partial parse tree �spanning the substring wst = ws+1; : : : ; wt given that the root of the parsetree is labelled Xi:�s;t(Xi) = max� :Y(�)=wst P (� j `(R(� )) = Xi)The probability of the most probable parse tree with ! = w0T as a yieldis thus �0;T (S) = max� :Y(�)=! P (� j `(R(� )) = S)and the parse tree itself isargmax� : Y(� ) = ! P (� j `(R(� )) = S)Let pi!jk denote P (Xi ! XjXk j Xi) and pi!w denote P (Xi ! w j Xi).We can construct this parse tree bottom-up:1. Initialization8i; t : 1 � i � N; 1 � t � T�t�1;t(Xi) = pi!wt2. Recursion8i; r; t : 1 � i � N; 1 � r < t � T�r;t(Xi) = max1 � j � N1 � k � Nr < s < t pi!jk �r;s(Xj) �s;t(Xk)24 �r;t(Xi)�r;t(Xi)�r;t(Xi) 35 = argmax1 � j � N1 � k � Nr < s < t pi!jk �r;s(Xj) �s;t(Xk)3. Reconstructionn = (s; t) Left(n) = � Nil if t� s � 2(s; �s;t(`(n))) otherwiseRight(n) = � Nil if t� s � 2(�s;t(`(n)); t) otherwise`(Left(n)) = �s;t(`(n))`(Right(n)) = �s;t(`(n))In the initialization step, the probabilities of the lexical productionsare assigned to the nonterminals at the nodes immediately dominating theinput string. In the recursion step, we are interested in calculating�r;t(Xi) = max� :Y(�)=wrt P (� j `(R(� )) = Xi)



80 CHAPTER 4. STOCHASTIC GRAMMARSfrom �r;s(Xj) = max� 0 :Y(� 0 )=wrs P (� 0 j `(R(� 0)) = Xj)and �s;t(Xk) = max� 00 :Y(� 00 )=wst P (� 00 j `(R(� 00)) = Xk)for all possible intermediate points s in the string wrt and all possibleproductions Xi ! XjXk. We note thatmax� :Y(�)=wrt P (� j `(R(� )) = Xi) == maxj;k;s[P (Xi ! XjXk j Xi) � max� 0 :Y(� 0 )=wrs P (� 0 j `(R(� 0)) = Xj) �� max� 00 :Y(� 00 )=wst P (� 00 j `(R(� 00)) = Xk)]which gives the recursion formula.The complexity of this probabilistic parsing scheme is O(N3T 3) in timeand O(NT 2) in space. It can easily be generalized to the case of a generalstochastic context-free grammar, not necessarily in Chomsky Normal Form.hRef?ihThe relationship between the HMM trellis, the �-variablesand a packed parse forest will be revealed in a later release.iThis section described a probabilistic version of the CYK parsing algo-rithm. For a very nice presentation of a probabilistic Earley parsing scheme,we are happy to be able to refer to [Stolcke 1995].4.4 Parameter Estimation for SCFGsWe now turn to the problem of estimating the production probabilitiespi!jk = P (Xi ! XjXk j Xi) and pi!w = P (Xi ! w j Xi) of a SCFG. Ifwe have access to an annotated corpus of parse trees, we can calculate theseprobabilities directly from the observed relative frequencies. It is howeverin this case necessary to deal appropriately with the problem of sparse data,as discussed in Section 2.4.If we only have a corpus of unannotated text, we have to resort to othermethods. Here we will de�ne a set of recurrence equations that can be usedto iteratively improve our estimates of these probabilities. By doing thisright, we can get some guarantees that each iteration will yield us a betterset of estimates.One method is to �rst �nd all vaild parse trees for each sentence inthe corpus. In the �rst iteration step, we assign a uniform distribution tothe set of parse trees resulting from each sentence. We then perform a fre-quency count of the productions, conditioned on the LHS symbol, each timeweighting with the probability of the parse tree. This will determine a newprobability distribution for the productions. Using this, we can estimatea new probabilities for the parse trees conditional on the correspondingsentence. This in turn allows us to estimate the production probabilitiesfrom the frequency counts conditioned on the LHS symbol, again weightingwith the previous estimate of the probability of the parse tree. This in turndetermines a new estimate of the tree probabilities, and we can iterate thisprocedure until we tire.



4.4. PARAMETER ESTIMATION FOR SCFGS 81A problem with this method is that the number of possible parse treesof an input string is exponential in the string length. Another method forreestimating the production probabilities that avoids this problem is calledthe inside-outside algorithm. The basic idea of the inside-outside algorithmis to use the current estimates of the production probabilities to estimatefrom the training corpus the expected frequencies of certain other derivedquantities that depend on the production probabilities, and then recomputenew estimates of the production probability using these derived quantities.The goal is to �nd a set of production probabilities that (locally) maximizesthe likelihood of generating the training corpus.4.4.1 The Inside and Outside VariablesWe will use two sets of accumulators, namely the inside probabilities andthe outside probabilities: 1� The inside probability I!i (s; t) estimates the probabilityP (Xi )� wst j Xi)of a given nonterminal Xi deriving the substring wst = ws+1; : : : ; wt.� The outside probability O!i (s; t) estimates the probabilityP (S )� w0sXiwtT j S)of deriving the string w0sXiwtT = w1; : : : ; wsXiwt+1; : : : ; wT fromthe axiom S. We will in the following omit the conditioning on S toaid readability.Nice �gure needed here!We have the following relationships between the inside, outside andproduction probabilities:1. Inside-variable initialization8i; t : 1 � i � N; 1 � t � TI!i (t� 1; t) = pi!wt2. Inside-variable recursion8i; r; t : 1 � i � N; 1 � r < t � TI!i (r; t) = NXj;k=1 Xr<s<tpi!jk � I!j (r; s) � I!k (s; t)3. Outside-variable recursion8i; r; t : 1 � i � N; 1 � r < t � TO!i (r; t) = NXj;k=1 r�1Xs=0 pj!ki �O!j (s; t) � I!k (s; r) ++ TXs=t+1 pj!ik �O!j (r; s) � I!k (t; s)1In an extension to this scheme, Larson introduces the so-called far-side probabilities.



82 CHAPTER 4. STOCHASTIC GRAMMARSComparing this with the parsing algorithm of the previous section, we seethat the only di�erence between the �r;t(i) and I!i (r; t) accumulators, apartfrom the fact that the argument and subscripts have been swapped, isthat the latter are summed in the recursion step, whereas the former aremaximized, in both cases over the same set of quantities.The recursion formula for the inside variables follows fromP (Xi )� wrt j Xi) = NXj;k=1P (Xi ) XjXk )� wrt j Xi) =NXj;k=1 Xr<s<tP (Xi ) XjXk j Xi) � P (Xj )� wrs j Xj) �P (Xk )� wst j Xk)The recursion formula for the outside variables follows fromP (S )� w0rXiwtT ) =NXj;k=1 r�1Xs=0P (S )� w0sXjwtT )� w0sXkXiwtT )� w0swsrXiwtT ) ++ TXs=t+1P (S )� w0rXjwsT )� w0rXiXkwsT )� w0rXiwtswsT ) =NXj;k=1 r�1Xs=0P (S )� w0sXjwtT ) � P (Xj ) XkXi j Xj) � P (Xk )� wsr j Xk) ++ TXs=t+1P (S )� w0rXjwsT ) � P (Xj ) XiXk j Xj) � P (Xk )� wts j Xk)We see that the complexity is O(N3T 3) for calculating both all insidevariables and all outside variables.4.4.2 Deriving the Reestimation EquationsThe basic idea is to estimate pi!w from P̂ (Xi ! w)P̂ (Xi) and pi!jk from P̂ (Xi ! XjXk)P̂ (Xi) :�pi!w = P̂ (Xi ! w j Xi) = P̂ (Xi ! w)P̂ (Xi)�pi!jk = P̂ (Xi ! XjXk j Xi) = P̂ (Xi ! XjXk)P̂ (Xi)We will thus need the quantities P̂ (Xi), P̂ (Xi ! w) and P̂ (Xi ! XjXk).Deriving P̂ (Xi)The string probability P (!) is the probability of deriving ! from the axiomS = X1: P! = P (!) = P (S )� !) = I!1 (0; T )The joint probability of deriving ! and the nonterminal Xi �guring (atleast once) in some derivation of ! isP!i = P (S )� �1Xi�2 )� !) =



4.4. PARAMETER ESTIMATION FOR SCFGS 83= X0�r<s�T P (S )� w0rXiwsT )� !) == X0�r<s�T P (S )� w0rXiwsT ) � P (Xi )� wrs j Xi) == X0�r<s�T O!i (r; s) � I!i (r; s)So the probability P (Xi) of Xi �guring in some derivation (of any string)can be estimated by normalizing with the string probability P! and avera-ging this quantity over the corpus W :P̂ (Xi) = 1jW j X!2W P!iP!where jW j is the corpus size, i.e., the number of sentences. The complexityof calculating this is X!2W O(N � T 2!).Deriving P̂ (Xi ! w)Likewise, the joint probability of deriving ! and the (lexical) productionXi ! w �guring in some derivation of ! isP (S )� �1Xi�2 ) �1w�2 )� !) == X1�t�T;wt=wP (S )� w0t�1XiwtT )� !) == X1�t�T;wt=wP (S )� w0t�1XiwtT ) �P (Xi )� wt j Xi) == X1�t�T;wt=wO!i (t� 1; t) � pi!wThe probability P (Xi ! w) of applying the production Xi ! w in somederivation can similarily be estimated byP̂ (Xi ! w) = 1jW j X!2W X1�t�T;wt=wO!i (t� 1; t) � pi!wP!The complexity of calculating this is X!2W O(N � T!) if the lexical entriescan be accessed in constant time.Deriving P̂ (Xi ! XjXk)Finally, the joint probability of deriving ! and the production Xi ! XjXk�guring in some derivation of ! isP (S )� �1Xi�2 ) �1XjXk�2 )� !) == X0�r<t�T P (S )� w0rXiwtT ) w0rXjXkwtT )� !) == X0�r<s<t�T P (S )� w0rXiwtT ) � P (Xi ! XjXk j Xi) ��P (Xj )� wrs j Xj) � P (Xk )� wst j Xk) == X0�r<s<t�T O!i (r; t) � pi!jk � I!j (r; s) � I!k (s; t)



84 CHAPTER 4. STOCHASTIC GRAMMARSAnalogously, the probability P (Xi ! XjXk) of applying the productionXi ! XjXk in some derivation can be estimated byP̂ (Xi ! XjXk) = 1jW j X!2W X0�r<s<t�T O!i (r; t) � pi!jk � I!j (r; s) � I!k (s; t)P!The complexity of calculating this is X!2W O(N3 � T 3!).The Reestimation EquationsAssembling all this will yield us the �nal set of recurrence equations for theprobabilities pi!w and pi!jk just as in the case of estimating the modelparameters of an HMM, cp. Section 2.1.7:�pi!w = P̂ (Xi ! w j Xi) = P̂ (Xi ! w)P̂ (Xi) == X!2W X1�t�T;wt=wO!i (r; s) � pi!wP!X!2W P!iP!�pi!jk = P̂ (Xi ! XjXk j Xi) = P̂ (Xi ! XjXk)P̂ (Xi) == X!2W X0�r<s<t�T O!i (r; t) � pi!jk � I!j (r; s) � I!k (s; t)P!X!2W P!iP!Each iteration step requires X!2W O(N3T 3!) calculations, which is clearlypolynomial in corpus size.The method is extended to general context-free grammars, not necessa-rily in Chomsky Normal Form, in [Kupiec 1992] and to partially bracketedtraining text in [Pereira & Schabes 1992]As we have seen, the string probability P (S )� !) = I!1 (0; T ) can alsobe calculated in O(N3T 3) time and O(NT 2) space. Unfortunately, �ndingthe most probable sentence (MPS) of a word graph, which is the normaloutput from a speech recognizer, is NP hard in string length, see [Sima'an1996].4.5 Adding Probabilistic Context to SCFGsConsider the following SCFG



4.5. ADDING PROBABILISTIC CONTEXT TO SCFGS 85S ! NP VP (0.70)...VP ! V NP NP (0.10)...NP ! Pron (0.20)NP ! Det �N (0.20)NP ! NP PP (0.30)...It will assign\(Show) (me) (all 
igths to Boston from Atlanta leaving beforeten AM that serve breakfast and stop over in Baltimore ...)"the same probability as\(Show) (all 
igths to Boston from Atlanta leaving before tenAM that serve breakfast and stop over in Baltimore ...) (me)"So instead of P (NP! Pron j NP)it would be better to useP (NP! Pron j VP! V �NP NP)Likewise, the stochastic model as it stands is too blunt to be of any usewhen disambiguating for example noun-noun compounds.It is, theoretically, very simple to add more contextual information tothe probability distributions by looking further up the tree at the substi-tution site. Assume for convenience that the grammar is in CNF. To takenot only the LHS label into account, but the entire mother dotted item:� Replace each occurrence of a RHS nonterminal with a new uniquenonterminal.� Multiply out the rules by creating a new rule for each matching oldLHS.This creates a new SCFG G1 that e�ectively yields the probabilities of theold productions of grammar G0 conditional on the mother production andthe expanded nonterminal of its RHS. This can be repeated ad in�num toyield stochastic models Gp with increasingly more contextual information.Note again the similarity to HMMs, this time how Nth-order HMMs canbe represented as �rst-order HMMs by expanding out sequences of statesinto distinct new states.The number of nonterminals jG1j in the new grammar G1 equals thenumber of distinct occurrences of nonterminals in the RHSs of the produc-tions of the original grammar G0, which is exactly 2jR0j, two times thenumber of original productions. This is maximally 2N3, where N = jG0jis the number of nonterminals in G0. Thus, the most probable parse canbe found in O(N9T 3) time and O(N3T 2) space. The algorithm is thus stillpolynomial both in N and T .



86 CHAPTER 4. STOCHASTIC GRAMMARSIn the general case, the parsing complexity is O(N6p+3T 3) in time andO(N2p+1T 2) in space for p generalization steps. The two key general rec-curence equations are:jGp+1j = 2jRpjjRp+1j � 2N2jRpj � (2N2)pjR0jThe �rst equality can be established as follows: Each RHS occurrence inthe grammar Gp of the previous step yields a new symbol in the resultinggrammar Gp+1. This is simply the number of rules in the previous step,jRpj, times two.For the following inequalities, we �rst observe that the number of pro-ductions in Gp+1 that each production in Gp gives rise to equals the numberof occurrences of the particular LHS symbol in the RHSs of the productionsof Gp.Assume that no symbol occurs more than B times in the RHSs of Gp.Then this is true also for Gp+1. We establish this claim as follows: When weconstruct Gp+1 from Gp we replace each occurrence of a grammar symbolin the RHSs of the productions with a new symbol. This means that beforeLHS expansion, each RHS occurrence is a unique symbol. The numberof occurences of any symbol will thus be the number of times the RHScontaining it is duplicated by LHS expansion. We need exactly one versionof each production for each occurence of the LHS symbol in a RHS of Gp.But this is bounded by B.So if there is an upper bound B to the number of occurences of anygrammar symbol in G0, this upper bound is valid also for Gp : p = 1; 2 : : :by induction. So each production in Gp is expanded into maximally Bproductions in Gp+1. No symbol can occur more than 2N2 times in theRHSs of G0, so B = 2N2 yields the inequalities.Starting with a maximally dense grammar G0 we have jR0j = N3. Wethus have jGpj = 2pN2p�2N3 = 2pN2p+1. This means that the parsingcomplexity is O(jGpj3T 3) in time and O(jGpjT 2) in space, which establishesthe claim. Note however that the complexity is exponential in the numberof generalization steps.4.6 Theoretical Probability LossesA somewhat surprising fact is that the string probabilities assigned by anSCFG do not necessarily sum to one over the set of �nite strings. The reasonfor this is that each string probability is de�ned as the sum of the derivationprobabilities of the string. Now, the SCFG will assign probabilities also tononterminating derivations. For example, the probability of a terminatingderivation is zero in the following SCFGS ! aS (1)since there are none.This is in some sense a degenerate case, since the probability of the onenonterminating derivation S ) aS ) aaS : : : is nonzero. But even forgrammars where the probability of each nonterminating derivation is zero,the sum of these probabilities need not be, as in the following case:PropositionConsider the SCFG



4.6. THEORETICAL PROBABILITY LOSSES 87S ! a (p)S ! SS (q)where p; q � 0 and p+ q = 1.Then 1Xn=1P (an) = min�1; pq�ProofThe total number of nonterminal nodes in any parse tree for an is 2n� 1.There are n preterminal nodes, i.e., S rewritten using S ! a and thusn � 1 Ss that are rewritten using S ! SS. This means that the stringprobability of an is pn � qn�1 times the number of di�erent parse trees foran. The number of di�erent parse trees equals the number of di�erentbinary bracketings of a string with n terminals. The recurrence equation isf(n) = n�1Xk=1 f(k) � f(n � k)With initial value f(1) = 1, the solution is the sequence of Catalan numbers� 2n� 2n� 1 �nThus, the string probability of an isP (an) = f(n) � pn � qn�1and the sum of the string probabilities isx = 1Xn=1P (an) = 1Xn=1 f(n) � pn � qn�1 = p � 1Xn=1f(n) � rn�1 = p � g(r)where r = p � q = p � (1� p) = (1� q) � q.From the grammar we can establish thatx = p+ q � x2with solutions x = 8<: 1pqand thus g(r) = 8>><>>: 1q1pLet y be de�ned by g(r) = 1yr = y � (1� y) � 0



88 CHAPTER 4. STOCHASTIC GRAMMARSThen y = 12 �r14 � rSince g(r) is continuous on [0; 14], we haveg(0) = lim�!0+ 1Xn=1 f(n) � �n�1 = f(1) = 1and thus for all r : 0 � r � 14y = 12 +r14 � r = 12 +r14 � y + y2 == 12 +r(12 � y)2 = 12 + ����12 � y���� = max(1 � y; y) = max(p; q)This means that g(r) = min�1p ; 1q�and thus x = p � g(r) = min�1; pq�In the general case, let C = ci be the vector of the probability of eachnonterminal Xi not terminating. Let A be the matrix of the quantitiesaij = Xk P (Rk j Xi) � nj(Rk)where nj(R) is the number of times the symbol Xj occurs in the RHS ofR. Then C � AC and for any ci to be non-zero, i.e., ci > 0, we seeby diagonalizing with T that in order for C � AC to be true, we needTC � TAT�1TC, which in turn means that for some eigenvalue �k of � =TAT�1, we must have �k > 1. Some nice spectral theorem guarantees that,under suitable conditions, such a matrix T exists, and that the eigenvaluesof A are the same as those of TAT�1. Using a continuity argument on cias functions of the model parameters P (Rk j Xj), we �nd that a non-zeroci requires an eigenvalue greater than one.In the example above, A = [2q], and the requirement is 2q > 1, orq > 12 .Check out: Wetherell 1980, Booth and Thompson 1973, Fu's \SyntacticPattern Recognition".4.7 Stochastic Tree-Substitution GrammarsWe will consider another way in which a context-free grammar can beaugmented with a probabilistic theory. Reconsider the de�nition of theprobability of a leftmost derivation, Eq. (4.1). Assume that we allow theset of elementary parse trees used here to consist of trees of depth greater



4.8. STOCHASTIC HISTORY-BASED GRAMMARS 89than one. We will thus replace the set of trees corresponding to the set ofproductions R with a more general set of elementary trees. Let us furtherassume that the extractor function g(� ) of Eq. 4.2 is the same as for SCFGs,i.e., L(Y(� )). This means that the probability of an elementary tree beingsubstituted at the leftmost nonterminal leaf is conditional only on the labelof this node.Since we are working with a general set of elementary trees, we must takeinto account that we no longer have a one-to-one correspondence betweenleftmost derivations and parse trees | Now there may exist several leftmostderivations of a parse tree. In order to get the probability of a parse tree, wewill sum over the set of possible leftmost derivations of it. The probabilityof a string will still be the sum of the probabilities of the parse trees thathave this string as a yield.A stochastic tree-substitution grammar (STSG) thus consists of a quin-tuple hVN ; VT ; S;R; P i whereVN is a �nite set of nonterminal symbols.VT is a �nite set of terminal symbols. As usual, V = VN [ VT .S 2 VN is a distinguished start symbol, or axiom.R is a �nite set of partial parse trees, so-called elementary trees.P is a function from R to [0; 1] such that:8X 2 VN P� :`(R(�))=X P (� ) = 1For these grammars, �nding the most probable parse (MPP) is NP hard,[Sima'an 1996]. One can however �nd the most probable derivation (MPD)in O(N3jRj), time see [Sima'an 1995]. This is done by �rst using a CYKparser to construct a packed parse forest from the underlying CFG, andthen performing Viterbi search, with a few clever optimizations, on the re-sulting packed parse forest, now taking the probabilities of the STSG intoaccount. Similar techniques allow using Monte-Carlo techniques to estimatethe MPP by sampling from the set of derivations, see [Bod 1995b].For a nice description of STSGs and a related paradigm referred to asdata-oriented parsing (DOP), originally due to Remko Scha, see [Bod 1995a]and [Bod 1995b]. Tree-substitution grammars are a special case of tree-adjoining grammars, see [Joshi et al 1975]. In addition to tree substitution,the latter also allow the adjoining operation. Stochastic lexicalized tree-adjoining grammars are described in [Schabes 1992].hTo be continued.i4.8 Stochastic History-Based GrammarsAgain, reconsider the de�nition of the probability of a leftmost derivation,Eq. (4.1). Assume that we in Eq. 4.2 instead use a more general extractorfunction g(� ) than L(Y(� )), the one used for SCFGs and STSG. The typicaltype of function g(� ) will be a decision tree, which is used to arrive at aprobability distribution by asking a sequence of questions about the parsetree � , or equivalently, the about sequence of derivation steps in the leftmostderivation, see [Black et al 1993]. The decision-tree techniques are describedin [Bahl et al 1989], which is well worth reading.We realize that we can in general view any derivation of a parse treeas a sequence of disambiguation decisions, and that we can de�ne the de-rivation probability based on the decision history. If there is a ono-to-onecorrespondence between the derivation and the restulting parse tree, we canuse this to de�ne the parse probability. We can again use a decision treeto \ask 20 (binary) questions" about the derivation history, i.e., about the



90 CHAPTER 4. STOCHASTIC GRAMMARSprevious disambiguation decisions made, and thus determine a probabilitydistribution on the set of disambiguation actions currently available.This is exactly what is done in the work reported in [Magerman 1995],one of the most important, and most readable, articles on probabilistic par-sing to date. One of the nice characteristics of the scheme is that it allowslexical information to be used for structural disambiguation. Due to thecomplex conditionings of the probabilistic language model, it uses a disam-biguation scheme distinct from Viterbi search: It �rst �nds a reasonablyhigh-probability complete parse, and then switches to breadth-�rst search,pruning search branches with an accumulated probability below that of thecomplete parse found.hTo be continued.i4.9 Lexicalization of Stochastic GrammarsLexicalization of stochastic grammars has become a major research topic.For the time being, approaches modeling a combination of phrase structureand lexical dependency structure show the best results, cf. [Eisner 1996]and [Collins 1997]. There are other approaches like stochastic lexicalizedtree adjoining grammar ([Schabes 1992]), and history-based grammar usinglexical information in the derivation history ([Black et al 1993], [Magerman1995]).An early arpproach on stochastic dependency grammar is probabilisticLink Grammar ([La�erty et al. 1992]), a grammar that models n-gramlexical dependencies. An examole for a more recent approach on n-gramlexical dependencies is presented in [Collins 1996].4.9.1 Stochastic Dependency Grammar and RelatedApproachesIn classical dependency grammar [Tesni�ere 1959], syntactic structure isdetermined on the basis of dependency (head-modi�er) relations betweenwords. Sentences and phrases are thus represented by the set of dependencyrelations that hold between their lexical elements.Dependency structures can be derived from context-free grammars bymapping trees into dependency structures. This is an advantage as the sta-tistics already well known from stochastic context-free grammar can alsobe applied to dependency-based approaches. In order to map trees intodependency structures a head-daughter is de�ned for each phrase and itslexical head is perculated up the tree. The other daughters of the phraseare considered as modi�ers. Accordingly a dependency relation for eachhead-modi�er pair can be de�ned, for example by a triple representing themodi�er non-terminal, the mother non-terminal and the head non-terminal.< NP; S; V P >, for instance, expresses a subject-verb dependency, cf. [Col-lins 1996]. For illustration, we present three recent approaches in moredetail.A Model for Bigram Lexical DependenciesThe probability of a parse tree T given a particular word string S is de-�ned by the probability of the set of head words of NPs B (called baseNPs in [Collins 1996]) conditioned on S, and the probability of the set ofdependencies D given S and B, cf. [Collins 1996]. It is



4.9. LEXICALIZATION OF STOCHASTIC GRAMMARS 91P (T jS) = P (BjS) � P (DjB; S)P (DjB; S) is de�ned by the conditional probabilities of all binary modifer-head relations given S and B. The set D of links from a modi�er to a headis de�ned by the product of the Maximum Likelihood estimates of the syn-tactic relations Rj that hold between the modifer word-tag pairs < wj; tj >and the head word-tag pairs < whj ; thj > in S. As an extra condition, adistance measure dj;hj between a modi�er and its head is added. The di-stance measure is based on information like the number of words and thesyntactic category of phrases between the head and its modi�er. We haveP (DjS;B) = mYj=1F (Rjj < wj; tj >;< whj ; thj >; dj;hj )Two Generative ModelsAnother possibility to represent the dependency structure of a sentence isto generate for each word i in a sentence the sequence of its right and leftchildren, cf. [Eisner 1996], [Collins 1997].In [Eisner 1996] for each word-tag pair tw(i) of a sentence the sequenceof left and right children (left kids(i); right kids(i)) is generated. The pro-bability that a child is generated is conditioned on the tag of the previouslygenerated left child of i (kidc+1) or the previously generated right child ofi (kidc�1) and the word-tag pair tw(i) itself. The formula that generatesthe sequence of right children is given below.P (T; S) = nYi=10@ 1+#right kids(i)Yc=�(1+#left kids(i));c6=0P (tw(kidc(i))jtag(kidc�1(i)); tw(i)1AA linguistically more re�ned model is presented in [Collins 1997]. Inaddition to the lexical head, information on the argument structure de�nedby the head is given. The probability of a parse tree T for a sentence S isde�ned by the product of the probabilities of its productions. Productionsare de�ned by the conditional probability of the right-hand sides RHSigiven the left-hand sides LHSi. Thus we haveP (T; S) = nYi=1P (RHSijLHSi)Right-hand sides are further decomposed into the probability PH thata head category H is generated conditioned on a parent category P and ahead word h, and the probabilities of the left and right contexts of H(h)under P . The contexts are de�ned by the probabilities of the left and rightconstituents (Pl, Pr), and the probability of the left and right complements(PLC, PRC). Constituents are calculated from the probability of the headcategory (Li or Ri) and the probability of the head word (li or ri) con-ditioned on the parent category P , the parent's head category H and thehead word h, as well as a distance measure d between the head and theedge of the context constituent, and a set representing the left or the right



92 CHAPTER 4. STOCHASTIC GRAMMARSarguments (LC, LR) of H(h). The probability of left and right argumentsis conditioned by P , H and h. Thus we have the following formula:nYi=1 PH(H jP;h)�Pl(Li; lijP;H;h; dr; LC)�Pr(Ri; rijP;H;h; dr ; RC)�PLC(LCjP;H;h)�PRC(RCjP;H;h)4.10 Probabilistic LR ParsingIn Section 4.2, we de�ned the parse probability of any stochastic extensionof a CFG as the probability of its leftmost derivation.2 Conceptually, thestochastic version of CFG was viewed as a top-down process, accentuatedby the fact that the conditioning of the production probabilities is on theirLHS. In contrast to this, the parser for SCFG described in Section 4.3worked in a bottom-up fashion. We could equally well instead de�ne theparse probability as that of the rightmost derivation, and then specify thissequence backwards. This is exactly what an LR parser does | it constructsthe rightmost derivation in reverse. In fact, this is what the \R" in \LR"stands for. The \L" stands for left-to-right scanning of the input string.4.10.1 Basic LR ParsingAn LR parser is a type of shift-reduce parser that was originally devised forprogramming languages, [Knuth 1965], and is well described in e.g. [Ahoet al 1986]. Various aspects of it relevant to natural-language parsing aredescussed in [Tomita (ed.) 1991]. The success of LR parsing lies in handlinga number of production rules simultaneously by the use of pre�x merging,rather than attempting one rule at a time.An LR parser is basically a pushdown automaton, i.e., it has a pushdownstack in addition to a �nite set of internal states and a reader head forscanning the input string from left to right one symbol at a time. Thestack is used in a characteristic way: The items on the stack consist ofalternating grammar symbols and states. The current state is simply thestate on top of the stack. The most distinguishing feature of an LR parseris however the form of the transition relation | the action and goto tables.A non-deterministic LR parser can in each step perform one of four basicactions. In state S with lookahead symbol3 Sym it can:1. accept(S,Sym): Halt and signal success.2. error(S,Sym): Fail and backtrack.3. shift(S,Sym,S2): Consume the input symbol Sym, push it onto thestack, and transit to state S2 by pushing it onto the stack.4. reduce(S,Sym,R): Pop o� two items from the stack for each phrasein the RHS of grammar rule R, inspect the stack for the old state S1now on top of the stack, push the LHS of rule R onto the stack, andtransit to state S2 determined by goto(S1,LHS,S2) by pushing S2onto the stack.2If the leftmost derivation was not unique, as in Section 4.7, we de�ned it as the sumof the probabilities of the leftmost derivations.3The lookahead symbol is the next symbol in the input string i.e. the symbol underthe reader head.



4.10. PROBABILISTIC LR PARSING 93S ! NP VP (1)VP ! V (2)VP ! V NP (3)VP ! V NP NP (4)VP ! VP PP (5)NP ! Det N (6)NP ! Pron (7)NP ! NP PP (8)PP ! Prep NP (9)Figure 4.1: Sample GrammarPre�x merging is accomplished by each internal state corresponding toa set of partially processed grammar rules, so-called \dotted items" contai-ning a dot (�) to mark the current position. For example, if the grammarcontains the following three rules,VP ! VVP ! V NPVP ! V NP NPthere will be a state containing the dotted itemsVP ! V �VP ! V � NPVP ! V � NP NPThis state corresponds to just having found a verb (V ). Which of the threerules to apply in the end will be determined by the rest of the input string;at this point no commitment has been made to any of them.4.10.2 LR-Parsed ExampleThe example grammar of Figure 4.1 will generate the internal statesof Figure 4.2. These in turn give rise to the parsing tables of Figure 4.3.The entry \s2" in the action table, for example, should be interpreted as\shift the lookahead symbol onto the stack and transit to State 2". Theaction entry \r7" should be interpreted as \reduce by Rule 7". The gotoentries simply indicate what state to transit to once a phrase of that typehas been constructed. Note the two possibilities in States 11, 12 and 13 forlookahead symbol preposition, \Prep", both of which must be tried. Wecan either shift it onto the stack or perform a reduction. This is called ashift-reduce con
ict and is the source to the ambiguity in the sentence Johnsees a man with a telescope.Using these tables we can parse the sentence John reads a book as fol-lows:



94 CHAPTER 4. STOCHASTIC GRAMMARSState 0S0 ) � SS ) � NP VPNP ) � Det NNP ) � PronNP ) � NP PPState 1S ) NP � VPNP ) NP � PPVP ) � VVP ) � V NPVP ) � V NP NPVP ) � VP PPPP ) � Prep NPState 2NP ) Det � NState 3NP ) Pron �State 4S0 ) S �
State 5S ) NP VP �VP ) VP � PPPP ) � Prep NPState 6VP ) V �VP ) V � NPVP ) V � NP NPNP ) � Det NNP ) � PronNP ) � NP PPState 7NP ) NP PP �State 8PP ) Prep � NPNP ) � Det NNP ) � PronNP ) � NP PPState 9VP ) VP PP �

State 10NP ) Det N �State 11VP ) V NP �VP ) V NP � NPNP ) NP � PPNP ) � Det NNP ) � PronNP ) � NP PPPP ) � Prep NPState 12VP ) V NP NP �NP ) NP � PPPP ) � Prep NPState 13PP ) Prep NP �NP ) NP � PPPP ) � Prep NPFigure 4.2: The resulting internal statesState Action GotoDet N NP Prep Pron V eos NP PP S VP0 s2 s1 s3 1 41 s8 s6 7 52 s103 r7 r7 r7 r7 r7 r74 acc5 s8 r1 96 s2 s11 r2 s3 r2 117 r8 r8 r8 r8 r8 r88 s2 s13 s3 139 r5 r510 r6 r6 r6 r6 r6 r611 s2 s12 s8/r3 s3 r3 12 712 s8/r4 r4 713 r9 r9 s8/r9 r9 r9 r9 7Figure 4.3: The corresponding LR parsing tables



4.10. PROBABILISTIC LR PARSING 95Action Stack Stringinit [0] John reads a books1 [1, NP, 0] reads a books6 [6, V, 1, NP, 0] a books2 [2, Det, 6, V, 1, NP, 0] books10 [10, N, 2, Det, 6, V, 1, NP, 0] �r6 [11, NP, 6, V, 1, NP, 0] �r3 [5, VP, 1, NP, 0] �r1 [4, S, 0] �accept [4, S,0] �Initially State 0 is pushed onto the empty stack. The noun phrase (NP)corresponding to the word \John" is shifted onto the stack and the par-ser transits to State 1 by pushing it onto the stack. Next, the verb (V )corresponding to the word \reads" is shifted onto the stack and the parsertransits to State 6 by pushing it onto the stack. Then the determiner (Det)corresponding to the word \a" is shifted onto the stack and the parser tran-sits to State 2. The noun (N ) corresponding to the word \book" is shiftedonto the stack and the parser transits to State 10. At this point, the nounand the determiner on top of the stack are reduced to a noun phrase usingRule 6 (NP ! Det N ) by popping State 10, the noun, State 2 and thedeterminer from the stack. The noun phrase is then pushed onto the stack,and the parser transits to State 11 by pushing it onto the stack. Next, thenoun phrase and the verb on top of the stack are reduced to a verb phrase(VP) using Rule 3 (VP ! V NP), which is pushed onto the stack, and theparser transits to State 5. Then the verb phrase and the noun phrase ontop of the stack are reduced to a sentence (S) using Rule 1 (S ! NP VP),which is pushed onto the stack, and the parser transits to State 4. Finally,the input string is accepted.4.10.3 LR-Table CompilationCompiling LR parsing tables consists of constructing the internal states(i.e. sets of dotted items) and from these deriving the shift, reduce, acceptand goto entries of the transition relation.New states can be induced from previous ones; given a state S1, anotherstate S2 reachable from it by goto(S1,Sym,S2) (or shift(S1,Sym,S2) ifSym is a terminal symbol) can be constructed as follows:1. Select all items in state S1 where a particular symbol Sym followsimmediately after the dot and move the dot to after this symbol.This yields the kernel items of state S2.2. Construct the non-kernel closure by repeatedly adding a so-callednon-kernel item (with the dot at the beginning of the RHS) for eachgrammar rule whose LHS matches a symbol following the dot of someitem in S2.For example State 1 of Figure 4.2 can be constructed from State 0 byadvancing the dot of the items S ! � NP VP and NP ! � NP PP to formthe items S ! NP � VP and NP ! NP � PP which constitute the kernelof State 1. The remaining non-kernel items are generated by the grammarrules for VPs and PPs (the categories following the dots in the new kernelitems), namely Rules 2, 3, 4, 5 and 9.



96 CHAPTER 4. STOCHASTIC GRAMMARSUsing this method, the set of all parsing states can be induced from aninitial state whose single kernel item has the top symbol of the grammarpreceded by the dot as its RHS. In Figure 4.2 this is the item S0 ! � S ofState 0.The shift, goto and accept entries fall out automatically from this pro-cedure. Any dotted item where the dot is at the end of the RHS givesrise to a reduction by the corresponding grammar rule. Thus it remains todetermine the lookahead symbols of the reduce entries.In Simple LR (SLR) the lookahead is any terminal symbol that canfollow immediately after a symbol of the same type as the LHS of the rule.In LookAhead LR (LALR) it is any terminal symbol that can immediatelyfollow the LHS given that it was constructed using this rule in this state.In general, LALR gives considerably fewer reduce entries than SLR, andthus results in faster parsing.4.10.4 Generalized LR ParsingGeneralized LR (GLR) parsing extends basic LR parsing with two con-cepts; a graph-structured stack (GSS) and a packed parse forest ([Tomita(ed.) 1991]). It also di�ers in being a breadth �rst, accumulative search,synchronizing on shift actions, rather than a depth-�rst backtracking algo-rithm. Conceptually, a GLR parser works as follows:1. Shift the next input symbol onto the stack(s). Don't keep the oldstack(s), only the new one(s).2. Perform all possible reduce actions on the stack(s). This will give riseto a new stack for each reduction. Keep the old stacks (before thereductions). Repeatedly perform all possible reduce actions on thenew set of stacks, accumulating new stacks, until no further reduceactions are possible.3. Goto 1.A graph-structured stack is used instead of a set stacks. This means thatthe new portions of the GSS constructed by shifting in Step 1 are mergedwith the stack portions resulting from subsequent (repeated) reductions inStep 2.After a shift action, two stack portions are merged if the new top statesare equal. If we perform a reduction and the corresponding goto entry wouldimply creating a stack continuation that already exists, we simply use theexisting one. The two partial parse trees corresponding to the two mergedLHS symbols will then dominate the same substring, but be structuallydi�erent: Since all surviving stack portions will have just shifted the wordprior to the current string position (and possibly have been subjected tosubsequent reductions), the dominted string will end at the the currentstring position. Since the same node was reached by the reduction priorto pushing the LHS symbol onto the GSS, the dominated string will beginat the same string position. Since the action seqeunces producing the twoderivations are di�erent, the partial parse trees will also be di�erent.The partial parse trees associated with any nonterminal symbol willhowever not be recoverable from the GSS. For this reason, we will store thestructure of each partial parse tree associated with each node in the GSSin a parse forest. By doing this in a clever way, we can avoid multiplyingout the potentially exponentially many di�erent parse trees that can be



4.10. PROBABILISTIC LR PARSING 97associated with the parsed word string | This is where the packed parseforest enters into the story.The LHS symbol of any reduction is constructed from a sequence of RHSsymbols, each associated with a (set of) partial parse tree(s). The latterwill be recorded in the packed parse forest, and the only information weneed to specify for the node of the packed parse forest associated with theLHS of a reduciton is the set of nodes in the packed parse forest associatedwith the RHS symbols. This means that the internal structure of each RHSsymbol is encapsulated in its node in the packed parse forest. So, regardlessof in how many di�erent ways these RHS symbols can in turn have beenconstructed, this ambiguity is contained locally at the corresponding nodesof the packed parse forest, and not multiplied out at the node correspondingto the current LHS of the production. This is known as local ambiguitypacking .In the case of a normal CFG parsing algorithm, we need one node foreach nonterminal symbol and each string position, see 4.1.4. Here we needone for each node that ever �gured in the graph-structured stack. hJohnCarroll writes one for each internal state.i4.10.5 Adding ProbabilitiesAs pointed out above, we can calculate the parse probability P (� ) from theprobability of the sequence of productions used in the rightmost derivationof the parse viewed in reverse order. This gives us the very same recurrenceequation as when using the sequence of productions used in the leftmostderivation, but the interpretation is now somewhat di�erent:P (� ) = P (�1 = ri1 ; : : : ; �M�1 = riM�1 ; �M = riM ) == MYm=1P (�m = rim j �1 = ri1 ; : : : ; �m�1 = rim�1 )Since there is a one-to-one correspondence between this sequence and thesequence of actions of the LR parser, we can equally well use the actionsequence to specify the rightmost derivation in reverse, and thus the parse:P (� ) = P (�1 = ai1 ; : : : ; �L�1 = aiL�1 ; �L = aiL) == LYl=1P (�l = ail j �1 = ai1 ; : : : ; �l�1 = ail�1 )Here al is the lth action performed by the LR parser.We will approximate the action probabilities conditional on the previousaction sequence, P (�l = ail j �1 = ai1 ; : : : ; �l�1 = ail�1), with the actionprobabilities conditional on the parsing state Skl after l � 1 actions, justprior to the lth action, and further approximate these probabilities by usingan extractor function g(S) to select relevant portions of the parsing states:P (�l = ail j �1 = ai1 ; : : : ; �l�1 = ail�1 ) � P (�l = ail j g(Skl ))For example, this function might select the current internal state and thecurrent lookahead symbol, and discard the rest of the stack content, andthe remaining input string. The main point is that during parsing, theseapproximations can be determined locally, and thus multiplied together:P (� ) � LYl=1P (�l = ail j g(Skl))



98 CHAPTER 4. STOCHASTIC GRAMMARSThis e�ectively constructs equivalence classes for the various histories ofaction sequences.Let us return to the parse tables of 4.3. We will here assign a probabi-lity distribution to each pair of state and lookahead symbol over the set ofpossible actions. As we see, the only situations where we have nondeter-minism in the parsing tables are in States 11,12 and 13 with a prepositionas a lookahead. In State 11, for example, we have the shift-reduce con
icts8/r3, which corresponds to a potential PP-attachment ambiguity in theinput string. We will here assign some probability p11 to s8 and 1 � p11to r3 in State 11 with lookahead symbol preposition. Similarly, we assignp12 to s8 and 1 � p12 to r4 in State 12, and p13 to s8 and 1 � p13 to r9 inState 13, in both cases with lookahead symbol preposition. The rest of theactions are uniquely determined by the state and lookahead symbol andthus have probability 1.4.10.6 Probabilistic GLR ParsingOne way of doing probabilitisc LR parsing is to �rst construct a packedparse forest by normal GLR parsing, but in the process attribute a proba-bility to each di�erent local decision made at each node. These probabilitiesare calculated as the product of the action sequences required to constructthe mother symbol from its daughter symbols. However, the probabilitiesof the latter have not yet been propagated to the former to determine theprobability of each possible analysis; the representeation is thus packed alsoprobabilistically. The probabilities can be made conditional on arbitraryportions of the state of the LR parser, i.e., on the stack content and theremaining input string.The parse probability is de�ned as the product of each action proba-bility conditional on the previous sequence of actions. Since these actionprobabilites are approximated by the probabilites conditional on the stateof the LR parser, the probability of a parse is simply the product of theprobability of each decision in the packed parse forest . So in the disambi-guation step, a Viterbi-like search of the packed parse forest can be usedto �nd the most probable parse. This means that the time complexityof the disambiguation step is linear in the size of the packed parse forest,as is calculating the string probability by summing instead of maximizing.hCheck!iIn this way, probabilistic LR parsing is broken down into two distinctsteps: Normal GLR parsing, with an extra element of attributing each de-cision in the packed parse forest with a probability. Each such probabilityis simply the product of a sequence of action probabilities, and calculatingthem introduces only a constant overhead, and does not add to the comple-xity of GLR parsing. The worst-case time complexity of the original GLRparsing algorithm is exponential, both in string length and grammar size.This is since there can theoretically be an exponential number of di�erentinternal states in the size of the grammar, and for certain grammars theremay be inputs that force a parser to visit all states [Johnson 1991]. It canhowever be brough down to polynomial in string length by an optimizationdue to Kipps, see [Kipps 1991]. It essentially involves avoiding to searchthe graph-structured stack for the return state when reducing by insteademploying a dynamically built table. Using large portions of the stackfor probabilistic conditioning counteracts this e�ect, and increases parsingcomplexity.The actual probabilistic disambiguation is done on the output of the



4.11. SCORING 99GLR parsing step, on the packed parse forest. This can be done usingessentially Viterbi search in time linear in the size of the packed parseforest. Although the size of the parse forest is polynomial in string length,it is worst-case exponential on the size of the grammar for the same reasonsthat parsing complexity is exponential in grammar size.So although probabilistic LR parsing is theoretically exponential ingrammar size, in practice, it doesn't seem to get near these bounds [Carroll1994]. For a discussion on how to extend probabilistic LR parsing to uni�-cation grammars, and for interesting reading on probabilistic LR parsiongin general, we can recommend [Briscoe & Carroll 1993].4.11 ScoringA practical problem is that due to various probability losses, i.e., the factthat the estimated probabilities tend to be smaller than they ought tobe, parses involving longer derivations tend to be penalized. This is bec-ause they involve a greater number of derivation steps, involving a greaternumber of multiplications with too small quantities. One popular remedy,[Magerman & Marcus 1991], [Carroll 1994], is to instead use the geometricmean of the probabilities instead of their product. This means that weleave the realm of probability theory, and enter into the heuristic scoringbusiness. For example, this complicates using the Viterbi algorithm for�nding the most probable parse.Due to the conditionings of the probabilites, SCFGs are rather insen-sitive to lexical information, and in particular to lexical co-occurrences.One method for trying to compenstate for this is to include amongst otherthings lexical information in more or less ad hoc ways by devising a scoreaccepting contributions from various information sources. This has beenexplored in a number of di�erent contexts: For Earley parsing with Scoring,see [Magerman & Marcus 1991], for CYK parsing with scoring, see [Mager-man & Weir 1992], for LR parsing with scoring, see [Su et al 1991], andfor parsing with uni�cation grammars with scoring, see [Alshawi & Carter1994].hTo be extented.i
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Chapter 5Selected Topics inStatistical NLPIn the following, we will distinguish three types of literatur: Main articles,additional articles which are of major interest in a basic course on statisticalmethods in NLP (see \Also" item), and further readings.5.1 Statistical Part-of-Speech Tagging5.1.1 In short maxTagsP (Tags jWord String)5.1.2 Linguistic BackgroundPart-of-speech (PoS) tagging consists in assigning to each word of an inputtext a (set of) tag(s) from a �nite set of possible tags, a tag palette or a tagset. The reason that this is a research issue is that a word can in general beassigned di�erent tags depending on context. This assignment can be donein a number of di�erent ways. One of these is statistical tagging, which isadvocated in [Church 1988], [Cutting et al 1992] and many other articles.Here, the relevant information is extracted from large sets of often hand-tagged training data and �tted into a statistical language model, which isthen used to assign the most likely tag to each word in the input text.5.1.3 Basic Statistical PoS taggingWe will describe a generic, but somewhat vanilla-
avoured statistical PoStagger. Statistical PoS taggers generally distinguish between lexical proba-bilities, i.e., the probability of a particular tag conditional on the particularword, and contextual probabilities, which describe the probability of a par-ticular tag conditional on the surrounding tags. The latter conditioning isusually on the tags of the neighbouring words, and very often on the n� 1previous tags.Thus we in general have the following two information sources:� Lexical probabilities:The probability of each tag T i conditional on the word W that is to101



102 CHAPTER 5. SELECTED TOPICS IN STATISTICAL NLPbe tagged, P (T i j W ). Often the converse probability P (W j T i) isgiven instead.� Tag N-grams:The probability of tag T i at position k in the input string, denoted T ik,given that tags Tk�n+1 : : :Tk�1 have been assigned to the previousn � 1 words. Often n is set to two or three, and thus bigrams ortrigrams are employed. When using trigram statistics, this quantityis P (T ik j Tk�2; Tk�1).These probabilities can be estimated either from a pretagged trainingcorpus or from untagged text, a lexicon and an initial bias, see Section 2.1.7.The training data is often divided into a training set, used to estimate thestatistical parameters, and a set of held back data used to cope with sparsedata by way of backo� smoothing. For example, tag trigram probabilitiescan be estimated as follows:P (T ik j Tk�2; Tk�1) � �3f(T ik j Tk�2; Tk�1) + �2f(T ik j Tk�1) + �1f(T ik)Here f is the relative frequence in the training set. The weights �j =�j(Tk�2; Tk�1) may depend on the particular contextual tags, but are re-quired to be nonnegative and to sum to one over j. Appropriate valuesfor these weights can be estimated using the held-out portion of the trai-ning corpus by employing any of a number of techniques; two ones muchused today are deleted interpolation, [Jelinek & Mercer 1980], and modi�edGood-Turing estimation, [Church & Gale 1991]. Another possibility is touse all data for training and employ successive abstraction to perform thebacko� smoothing, see [Brants & Samuelsson 1995].In general, the information sources S1; : : : ; Sn are combined by multi-plying the scaled probabilities:P (T j S1; : : : ; Sn)P (T ) � nYi=1 P (T j Si)P (T )This formula can be established by Bayesian inversion, then performingthe independence assumptions, and renewed Bayesian inversion: Assumethat we have information sources S1; : : : ; Sn and we wish to estimate P (T jS1; : : : ; Sn), the probability of tag T given this information.P (T j S1; : : : ; Sn) == P (T ) � P (S1; : : : ; Sn j T )P (S1; : : : ; Sn) � P (T ) � nYi=1 P (Si j T )P (Si) == P (T ) � nYi=1 P (T ) � P (Si j T )P (T ) � P (Si) = P (T ) � nYi=1 P (T j Si)P (T )In particular, using lexical statistics and trigram probabilities, we getP (Tk j T1; : : : ; Tk�1;W1; : : : ;Wn) �� P (Tk j Tk�2; Tk�1) � P (Tk jWk)P (Tk) = P (Tk j Tk�2; Tk�1) � P (Wk j Tk)P (Wk)The tagger works as follows: First, each word is assigned the set of allpossible tags according to the lexicon. This will create a lattice. A dynamic



5.2. STATISTICAL MACHINE TRANSLATION 103programming technique is then used to �nd the sequence of tags T1; : : : ; Tnthat maximizesP (T1; : : : ; Tn jW1; : : : ;Wn) == nYk=1P (Tk j T1; : : : ; Tk�1;W1; : : : ;Wn) �� nYk=1P (Tk j Tk�2; Tk�1;Wk) �� nYk=1 P (Tk j Tk�2; Tk�1) � P (Tk jWk)P (Tk) == nYk=1 P (Tk j Tk�2; Tk�1) � P (Wk j Tk)P (Wk)Since the maximum does not depend on the factors P (Wk), these can beomitted, yielding the standard statistical PoS tagging task:maxT1;:::;Tn nYk=1P (Tk j Tk�2; Tk�1) �P (Wk j Tk)This is well-described in for example [DeRose 1988].5.1.4 Suggested Reading� Main: [DeRose 1988], [Cutting et al 1992]� Also: [Church 1988], [Weischedel et al 1993]� Further: [Black et al 1992], [Schuetze 1994], [Merialdo 1994]The �rst chapter of [Karlsson et al 1995] contains a nice overview ofpart-of-speech tagging in general. [Church 1988] is a classical reference onbasic statistical part-of-speech taggging. Dynamic programming, in par-ticular the Viterbi algorithm, as applied to part-of-speech tagging is verywell described in [DeRose 1988]. Other sections, in particular that on theCLAWS system, are less perspicuous. The decisive reference on dynamicprogramming in general is [Bellman 1957]. [Cutting et al 1992] describesthe use of an HMM-based tagger were the parameters are estimated fromunannotated text using the Baum-Welch algorithm.5.2 Statistical Machine TranslationCurrently under construction. Due mid 1996.5.2.1 In shortmaxTarget TextP (Target Text j Source Text)



104 CHAPTER 5. SELECTED TOPICS IN STATISTICAL NLP5.2.2 Suggested Reading� Main: [Brown et al 1993],� Also: [Church 1993], [Wu 1995]� Further: [Brown et al 1990], [Kay & R�oscheisen 1993], [Dagan et al1993], [Gale & Church 1993], [Kupiec 1993]5.3 Statistical Language LearningCurrently under construction. Due mid 1996.� Main: [Brill 1993], [Magerman & Marcus 1990]� Also: [Osborne & Bridge 1994], [Daelemans 1994].5.4 Structural Ambiguity and Semantic Clas-ses5.4.1 Linguistic BackgroundIn natural language analysis we have to deal with a number of structuralambiguous constructions, i.e. syntactic structures that are equally well li-censed by di�erent derivations. Thus we get more than one correct parsetree for such a construction. Depending on the context, one of the syntacti-cally possible structures is the preferred one. In linguistics the most famousclass of structural ambiguities are prepositional phrase attachments. Forthose who have never heard about such a thing, go on reading. Those whoare familiar with the term could skip this subsection.The syntactic structure of a the famous sentence I saw the man with thetelescope can be considered as either [S I [VP saw [NP the man [PP with thetelescope]]]] or [S I [VP saw [NP the man] [PP with the telescope]]]. Thatmeans the with phrase can either be attached to the object noun phraseor to the verb phrase. In the �rst case, the interpretation is that the manhad the telescope, in the second the telescope modi�es the seeing event.Without any extra knowledge ( semantic or pragmatic context) there is noway to decide which of these two readings will be more appropriate. If weconsider the sentence I saw the deer with the telescope our knowledge aboutthe world tells us that attachment of the PP to the object NP leads to anodd interpretation, as in our world a deer rarely comes with a telescope.Nevertheless the structure is absolutely correct.To deal with this kind of ambiguities a number of di�erent approcheshave been proposed, such as:� The Discourse Model ApproachAltman and Steedman 1988 ([Altmann & Steedmann 1988]) claimthat pp-attachment can only be resolved by considering discourseinformation. In terms of computational linguistics this means model-ling of discourse information which is fairly complex and not yet wellunderstood.



5.4. STRUCTURAL AMBIGUITY AND SEMANTIC CLASSES 105� The Structure-Based ApproachA number of psycholinguists tried to explain attachment preferencesby means of general principles that are supposed to govern human lan-guage processing. Two famous but controversal priciples are right as-sociation ([Kimball 1973]), and minimal attachment ([Frazier 1978]).Right association states that a constituent tends to attach to anotherconstituent immediately to its right. Whereas minimal attachmentsays that a constituent tends to attach so that a minimal number ofnodes in a derivation tree is required. But these two principles arenot accepted without argument. Interested readers may �nd furtherdiscussion in [Konieczny et al. 1997].� The Lexical Association ApproachThis approach basically assumes that attachment ambiguities can beresolved by lexical information, such as information related to thedominating verb, the object head noun the preposition, and the headnoun of the NP dominated by the preposition. We distinguish twomajor branches, one in
uenced from psycholinguistics1, the other ba-sed on statistics. The later we will elaborate on in the following.5.4.2 Association ModelsThe main assumption is that resolution of structural ambiguity is often pos-sible with limited lexical information, and this information can be learnedfrom either a corpus ([Hindle & Rooth 1993]), or a corpus and a seman-tic hierarchy ([Resnik 1993]). While Resnik advocates a class-based modelwhich makes use of conceptual relationships such as those represented inWordNet2, Hindle and Rooth adopt lexical associations discovered fromtext for structural disambiguation. Hindle and Rooth integrate lexical in-formation on the preceding verb, the object head noun, and the followingpreposition into their mathematical model. Resnik incorporates informa-tion on the head verb, the preposition, the semantic class of the head nounof the NP governed by the preposition, and the semantic class of the objecthead noun.Preparation of the CorpusIn order to access the relevant head nouns, the verbs, and the prepositionsthe corpus must be PoS-tagged, and rudimentary parsed.elaborate on standard taggers and synt. bracketing elsewhereEstimation of Attachment Preferences by Lexical InformationIn the training phase noun-preposition and verb-preposition bigrams as wellas noun and verb unigrams are derived from the corpus. The prepositionis either assigned to the noun or the verb. Assignment decisions are madeaccording to:1See for example [Wittemore et al 1992], [Ford et al. 1982], [Taraban & McClelland1988], [Marcus 1980].2WordNet is a conceptual taxonomy for English words. Conceptual relati-ons are represented as is-a hierarchies. You �nd more about WordNet fromftp clarity.princeton.edu [128.112.144.1] (in the US), and ftp.ims.uni-stuttgart.de[141.58.127.61] (in Europe).



106 CHAPTER 5. SELECTED TOPICS IN STATISTICAL NLP� purely linguistic criteria, such as PPs do not attach to pronouns, PPsthat follow a subject NP or a NP in preverbal position attach to theNP, at least in English,� thresholds derived from t-scores or� defaultsIf no clear attachment decision can be made, neither by linguistics,nor by t-scores, the prepositions are equally attachted to the headnouns of the object NPs, or to the verbs.In order to guess attachment preferences, one is interested in the con-trast or di�erence between the conditional probalility of seeing a certainpreposition given a particular noun, and the conditional probalility of see-ing a certain preposition given a particular verb, i.e.P (prepjnoun)� P (prepjverb)These conditional probabilies correspond to the preposition-noun orpreposition-verb bigram frequences respectively which have been derivedfrom the training corpus. The bigram frequencies are normalized by theglobal verb or noun frequency respectively. Thus the conditional probabi-lities are de�ned as follows:P (prepjnoun) � f(noun preposition bigram)f(noun), and P (prepjverb) � f(verb preposition bigram)f(verb)For a statistics-based determination of pp-attachment preferences for aspeci�c sentence a t-score is derived from the conditional probabilities;t � P (prepjnoun)� P (prepjverb)2p�2(P (prepjnoun)) + �2(P (prepjverb))To make sure that the signi�cance of the result is at a certain (at leasta 95%) level a threshold is de�ned accordingly.3 In all cases of attachmentambiguity where the results are below the de�ned threshold, pp-attachmentis resolved according to the default case.Sparse DataSparseness of training data is a common problem in statistics-based ap-proaches. In case of estimation of lexical associations on the basis of wordforms a fairly large ammount of training data is required, because all in-
ected forms of a word will be considered as di�erent words. This can be amajor problem in highly in
ecting languages like German. A better resultby the same amount of data can be achieved by looking at lemmata (in
ec-tional di�erences are ignored) or even at semantic classes. In the later casedi�erent words/lemmata are grouped together according to their semanticor conceptual characteristics.3For de�nition of signi�cance levels see chapter ??.



5.4. STRUCTURAL AMBIGUITY AND SEMANTIC CLASSES 107Estimation of Class FrequenciesIn a training corpus the head nouns of the object NPs, and the head nounsof the NPs subcategorized from a preposition are related to conceptualclasses inWordNet. Class frequencies are estimated from lexical frequenciessuch that the frequency of a speci�c class C is determined by the lexicalfrequencies of the members n of that class and its subclasses c, i.e.f(C) = Xn2c�C f(n)Estimation of Conceptual RelationshipsConceptual relationships are discribed by means of selectional preference,selectional association, and semantic similarity.The term selectional preference originates from linguistics. It is usedto capture semantic di�erences such as those given in Mary drank somewine / gasoline / pencils / sadness. While drinking and wine semanticallycorrespond well, drinking of gasoline is quite odd, pencils are impossibleto drink, and the semantic interpretation of drinking sadness is subjectto metaphorisation. A widely used technique in statistics-based NLP torepresent conceptual (dis)similarity is entropy (cf. ??). Thus the selectionalpreference of a word w for C, a semantic class and its subclasses, is de�nedas the relative entropy (also known as Kullback-Leibler distance) betweentwo sets of probabilities, the prior probability P (C) and the conditionalprobability P (Cjw), which can be written asH[P (Cjw); P (C)] = Xcjsubconcept of C P (cjw)logP (cjw)P (c)The selectional association between a word w and a subconcept c,A(w; c), is the contribution c makes to the selectional preference of w forC, i.e. the relative entropy between a wird w, and a concept c normalizedby the relative entropy between the word w and the larger concept C.A(w; c) = P (cjw)logP (cjw)P (c)H[P (Cjw); P (C)The selectional association between two words w1 and w2, A(w1; w2) isthe maximum of A(w1; c) over all classes c to which w2 belongs.A(w1; w2) = max Xcjw22cA(w1; c)The semantic similarity of two nouns n1, n2, sim(n1; n2), is de�nedby the most speci�c class c both n1 and n2 belong to, i.e. the class c whichis most informative for n1 and n2.sim(n1; n2) = max[�logP (c)]Class-Based Evaluation of Attachment SitesThe following trigrams are derived from the corpus and the noun taxonomy:� verb preposition classj



108 CHAPTER 5. SELECTED TOPICS IN STATISTICAL NLP� classi preposition classjWhere classi is the conceptual class of the object NPs head noun andclassj is the conceptual class of the head noun of the NP dominated by thepreposition.Verb- and noun-scores are calculated as the relative entropy of theverb preposition classj trigram frequencies, and the classi preposition classjtrigram frequencies, such thatvscore = f(verb prep classj )logP (verb prep classj )P ((verb), and nscore = f(classi prep classj)logP (classi prep classj )P ((classi). To reduce the load of computation, �rst all classes of the preposition'snominal object are considered, and then the class of the verb's nominalobject is maximized. A paired t-test is calculated on the v- and nscores. Incase of a positive result, the PP is attached to the object NP. In case of anegative result, the PP is attached to the verb.EstimatorsHindle and Rooth work with ELE, Resnik suggested MLE or Good-Turing.For a discussion of estimation techniques see ??.5.4.3 Suggested Reading� Main: [Hindle & Rooth 1993]� Also: [Resnik 1993]� Further [Alshawi & Carter 1994]5.5 Word Sense DisambiguationWord sense disambiguation is a rather widespread task in statistical NLP.The approaches vary wrt. the parameters they estimate disambiguatuationinformation from. The techniques applied are rather similar. Parametersare either estimated from monolingual ([], []) or bilingual4 corpora ([Galeet al 1992], [Brown et al 1990]). In case of monolingual training material,words are either clustered according to their distribution in structural con-text ([Pereira et al 1993], [Dagan et al 1994], []) or their distribution wrt.semantic category ([Gale et al 1992], [Yarowsky 1992]).5.5.1 Phenomena5.5.2 Parameter Estimation5.5.3 Disambiguation ModelBayesian discrimination4The standard bilingual is the Hansards corpus which comprises the french-englishtranslations of Canadian Parliament speeches.



5.6. LEXICAL KNOWLEDGE ACQUISITION 109relative entropymutual information?singular value decomposition?linear regression???5.5.4 Suggested Reading� Main: [Gale et al 1992], [Yarowsky 1992]� Also: [Yarowsky 1992], [Gale et al 1992]� Further: [Pereira et al 1993], [Schuetze 1992], [Dagan et al 1993],[Dagan et al 1994]5.6 Lexical Knowledge AcquisitionmaxLexical EntryP (Lexical Entry j Text)� Main:[Manning 1993], [Utsuro et al 1992], [Smadja 1993]
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Appendix ADesiderataThe follwing appendices are planned:� More on Calculus� Some Numerical Analysis� Some Statistical Tables (Distributions, etc.)� Corpus Linguisitc Tools
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Appendix BToolsB.1 Simple Unix CommandsBefore we can do all the fancy statistics on texts, we need to access the rawdata. Unix provides a number of built-in commands that are very usefulto do so. In the following a list of elementary commands valuable for textpreprocessing is given. The online man pages on your Unix machine willgive you more information on the speci�c commands.Command Usagegrep search a �le for a patternegrep search a �le for disjunctive patternssort sort and/or merge �lesuniq report repeated lines in a �letr translate characterswc display a count of lines,words and characters in a �lecut cut out selected �elds of each line of a �lepaste merge same lines of several �les orsubsequent lines of one �lejoin merges those lines of a �le that have the same keycomm select or reject lines common to two sorted �lescat concatenate �lestail writes the last part of a �le to standard outputsplit split a line by indicated split charactersand particularly useful:split -n split a �le into pieces of n linessed stream editorUnix also comes with a number of programming languages of which thefollowing are popular for text handling:Awk is a pattern scanning and processing language that is preferablyused for database construction.Lex or its successor 
ex is a language for lexical analysis. Typicallytokenizer are written in lex or 
ex. Lex programmes can be inter-leaved with C code. They are compiled into C, and thus are rathere�cient.Perl is a language for easy manipulation of text, �les, and processes.113



114 APPENDIX B. TOOLSIt borrows capabilities from shells and C, and subsumes awk and sed.Perl is compared to C easy to learn, but not very e�cient.From the following examples1 you might get an idea about what youcould do with the above commands. A good guide for novices is KenChurch's Unix for poets [Church 1994].For those who are not used to Unix, the following is to understand thesyntax of the command lines occurring in the examples below:< read from input file> write to output file| pipe| more pipe to more;more displays standard output screenwiseThe following is a list with the most essential characters to build searchpatterns with:+ one or more instances of a specified pattern* zero or more instances of a specified pattern? at most one instance of a specified pattern. any single character[a-z] any one character from the small alphabet[A-Z] any one character from the ?big alphabet[0-9] any one number between 0 and 9^ begin of line$ end of line| disjunction of patterns\ indicates that the following character isinterpreted as suchB.2 Split up a text using tr� Split up a text by blanks, and write each word (i.e. string of characterssurrounded by blanks) in a single line to a �le. The input �le is in�le,the output �le is out�le. n012 is the ASCII code for new line.tr ' ' '\012' < infile > outfile� Get rid of empty lines.tr -sc 'A-Za-z' '\012' < infile > outfileNow you have a �le, lets call it wl, containing your input text as wordlist. With the word list you can do other fancy things.B.3 Sort word list: sort, uniq� Sort word list by dichtionary order.sort -d wl1The material is taken from an introductory course on corpus linguistics held by theauthors at Uppsala University.



B.4. MERGECOUNTS FORUPPER AND LOWERCASE: TR, SORT, UNIQ115� Sort word list by dichtionary order, and get rid of duplicates. Writeoutput to out�le.sort -d wl | uniq > outfileorsort -du wl > outfile� Sort word list by dictionary order, get rid of duplicates, and give acount of how often each word appeared in the word list.sort -d wl | uniq -c > outfile� Sort word list according to word frequency (numeric order).uniq -c wl | sort -d > outfileB.4 Merge counts for upper and lower case:tr, sort, uniq� Sometimes you just want to know how often a speci�c word occursin a text. And you do not want to make a distinction between upperand lower case letters.tr 'A-Z' 'a-z' wl | uniq -c | sort -d > outfileB.5 Count lines, words, characters: wcwc infile counts lines, words, characterswc -l infile counts lineswc -w infile counts wordswc -m infile counts charactersB.6 Display the �rst n lines of a �le: sedsed 5q infile displays the �rst 5 lines of the �le in�lesed 50q infile displays the �rst 50 lines of the �le in�le



116 APPENDIX B. TOOLSB.7 Find lines: grep, egrepgrep gh find lines containing 'gh'grep '^gh' find lines beginning with 'gh'grep 'hg$' find lines ending with 'hg'grep '^gh.*hg$' find lines beginning with 'gh'and ending with 'hg'grep -v gh delete lines containing 'gh'grep -v '^gh' delete lines beginning with 'gh'grep -v 'gh$' delete lines ending with 'gh'grep -v '^gh.*hg$' delete lines beginning with 'gh'and ending with 'hg'Note with egrep you can specify disjunctive search patterns; for instance:egrep 'ful$|ly$|ant$' find lines ending with'ful', 'ly', or 'ant'B.8 n-grams: tail, pasteSuppose we have got a text �le with each word on a single line. Now wecan easily create all sorts of n-grams simply by using tail and paste. wlcontains the original word list, nextwords contains the original word listreduced by the �rst element, nextnextwords contains the original word listreduced by the �rst two elements. The �les bigrams, and trigrams containall bigrams or trigrams respectively occurring in the text.� Create bi-grams: tail, pastetail +2 wl > nextwordspaste wl nextwords > bigrams� Create tri-grams:tail +3 wl > nextnextwordspaste wl nextwords nextnextwords > trigrams� : : :B.9 Manipulation of lines and �elds: awkDespite awk is a general purpose programming language it is intended forshorter programs, especially for easy manipulation of lines and �elds. Note,awk is fully integrated into Perl. Warning: awk also comes as nawk, andgawk.The following is useful to know:



B.9. MANIPULATION OF LINES AND FIELDS: AWK 117� Fields are addressed by $ �eldnumber$1 �rst �eld$NF last �eld$(NF-1) penultimate �eld� Some operators>, <, >=, <=, ==, =!, etc.For more information see the man pages.� With -F you specify the �eld seperator, e.g. -F: speci�es : as current�eld seperator. Blank is the default �eld seperator.� Select �elds by positionThe following command line speci�es : as the current �eld seperator,and prints the 4th �eld of each line (record) to standard output. Theinput �le is in�le.awk -F: '{print $4}' infile� Filter �elds by numerical comparisonThe following command line matches �elds where the numerical valueof the �rst �eld is larger than 2, and prints the contents of the 3rd�eld of the according record to standard output. The �le seperator isset to default (i.e. blank). The input �le is in�le.awk '$1 > 2 {print $3}' infile� Filter �elds by string comparisonThe following command line matches lines where the �rst �eld isidentical to the last one, and prints the contents of the 3rd �eld tostandard output. The �le seperator is set to default (i.e. blank). Theinput �le is again in�le.awk '$1 == $NF {print $3}' infile
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Appendix CSome CalculusC.1 NumbersC.1.1 Natural NumbersN = f0; 1; 2; : : :gThe natural numbers are the natural ones when counting, i.e., for ans-wering questions of the type \How many articles did Brigitte write thisyear?".The most important formal property of these numbers is that every oneof them has a unique successor, i.e., there are countably in�nitely many ofthem, and there is a linear order de�ned on them.Also, one can add and multiply natural numbers, e.g., 2 + 3 = 5 and2 � 3 = 6. Thus, addition (+) and multiplication (�) are de�ned for thesenumbers.C.1.2 Integers Z = f: : : ;�2;�1; 0; 1; 2; : : :gZ+ = f1; 2; : : :gIf we can add natural numbers, we can also formulate equations overthem, e.g., 2+x = 5. However, to guarantee that we always have a solutionto these additive equations, we are forced to extend the set of naturalnumbers with the set of negative integers to form the set of integers, e.g.,when we want to solve the equation 5 + x = 2.This means that for each n 2 N we introduce the additive inverse �nwith the property that n + (�n) = 0. n + (�m) is usually written n � mif m 2 Z+. Note that 0 is its own inverse, since 0 + 0 = 0. In fact,x + 0 = 0 + x = x for all numbers x, and 0 is formally referred to as theneutral element, or identity, of addition.C.1.3 Rational NumbersThe set of rational numbers Q is the set of all numbers of the form mn , withm;n 2 Z; n 6= 0. 119



120 APPENDIX C. SOME CALCULUSQ = fx : x = mn ;m; n 2 Z;n 6= 0gWe can also formulatemultiplicative equations over the natural numbersand the integers, e.g., 2�x = 6. If we want to guarantee that we always havea solution to these equations, we are forced to extend the set of integersto the set of rational numbers, e.g., when we want to solve the equation2 � x = 5.Analogous to extending the natural numbers with their additive inver-ses, we will extend the integers with their multiplicative inverses. i.e., foreach integer n we add n�1 with the property that n � n�1 = 1. m � n�1 isusually written m=n or mn . The only exception is the number 0, which hasno inverse, since 0 � x = 0 6= 1 for all numbers x. Similarly, 1 is the neutralelement, or identity, of multiplication, since x �1 = 1 �x = x for all numbersx, and 1 is its own multiplicative inverse.Since we don't want to be able to multiply ourselves out of Q, we need toadd a lot of other numbers, apart from n�1 for all integers n, namelym�n�1for all pairs of m;n 2 Z. Note that some pairs correspond to the samerational number, e.g. 24 = 12. This is called constructing the multiplicativeclosure of f0; n; n�1 : 0 6= n 2 Zg. We should really construct the additiveand multiplicative closure, which is known as the algebraic closure of thisset, but here, the multiplicative closure alone su�ces.Since each rational has an additive inverse and each rational, except 0has a multiplicative inverse, and since addition and multiplication are bothcommutative operations (m + n = n +m and m � n = n �m), the rationalnumbers constitute what is in algebra known as a �eld .There is also a linear order de�ned on the rationals Q. Note that, asopposed to the case with the intergers, there is always another rationalnumber between any two distinct rational numbers, i.e., if we have p < q,then there is an r 2 Q such that p < r < q.C.1.4 Real NumbersWe can formulate nonlinear equations over Q, e.g., x �x = 2. The fact thatthere is no rational number that solves this equation came as a shock forPythagoras and his followers, a shock that they never fully recovered from.The proof of this is rather simple, and runs roughly as follows: The basicidea is that if x = mn solves this equation, where m and n are integers withno common factors, then both m and n are divisible by 2, and thus do havea common factor. Now, any rational number can be written on the formx = mn , where the integers m and n have no common factors, so we mustconclude that there is no rational solution to this equation.There is however another way to escape from the set of rationals usingthe linear order, rather than addition and multiplication, namely by theuse of limits, see Section C.2.6. Assume that an 2 Q for n = 1; 2; : : : Thisdoes not imply that limn!1 an 2 Q. We will informally de�ne the set ofreal numbers as is the set of limits of sequences (an) over Q, rather thanmucking around with Dedekind cuts, although this de�nition is circular,since the real numbers are used to de�ne limits.Like the rational numbers, the real numbers have the property thateach of them has an additive inverse and each one of them, except 0, has a



C.1. NUMBERS 121multiplicative inverse, and also here, addition and multiplication are bothcommutative operations. Thus, the real numbers also constitute a �eld.There is also a linear order de�ned on the real numbers, like on therationals Q. Unlike the rationals, though, if an 2 R for n = 1; 2; : : :, thenthe limit limn!1 an 2 R. Thus the set of real numbers is closed under limits.This property is referred to as constituting a complete metric space.Since we de�ned R as the set of limits of sequences in Q, there is arational number arbitrarily close to any real number. This means that Qis dense in R.C.1.5 Complex NumbersLet x2 denote x � x, see Section C.2.1, and assume that we want to solvethe equation x2 = �1. There is no real number that solves this equation,since for real numbers, x2 � 0. If we extend the real �eld with a solution tothis equation, denoted i, and take the algebraic closure, we get the complexnumbers C, which also constitute a �eld.The complex numbers are usually written on the form z = x+ iy, wherex; y 2 R. x is called the real part of z (as you might have guessed), and yis called the imaginary part of z.This extension actually allows us to solve any equation of the formcnzn + cn�1zn�1 + � � �+ c1z + c0 = 0 with ci 2 Cin the sense that8z 2 C cnzn + cn�1zn�1 + � � �+ c1z + c0 = (z � z1) � : : : � (z � zn)Note that the roots (i.e., solutions) zi need not be distinct.This means that there are no natural algebraic extensions of C, unlikethe case with N;Q and R. So from this point of view, we've reached theend of the line.However, we do not have any linear order de�ned on the complex num-bers. We can nevertheless introduce a distance between any two complexnumbers z1 = x1 + iy1 and z2 = x2 + iy2, namely the Euclidian distanced(z1; z2) =p(x1 � x2)2 + (y1 � y2)2.Just like for the real numbers, it is the case that any sequence z1; z2; : : :in C that converges (using the Euclidian distance), converges to an elementin C, so also from this point of view C is complete (i.e., a complete metricspace), and no extension to the complex numbers suggests itself.C.1.6 Algebraic and Transcendental NumbersAssume that all the co�cients ci of the equation above are rational numbers(or, equivalently, integers), i.e:anzn + an�1zn�1 + � � �+ a1z + a0 = 0 with ai 2 QThe solutions to these equations are known as the algebraic numbersover Q . Note that the rationals and thus the integers and natural numbersare all algebraic over Q. Other examples are p3; 12p2 and 1 +p5i2 .However, not all real numbers are algebraic over Q. It is actually thecase that the overwhelming majority of the complex and real numbers arenot algebraic over Q. These numbers are called transcendental numbers



122 APPENDIX C. SOME CALCULUS(over Q). The transcendental numbers include such celebrities as �, the ra-tio of the circumference and the diameter of a circle, and e, the base of thenatural logarithm. This was �rst observed by the German mathematicianCantor, who proved the existence of (a very large number of) transcen-dental numbers without actually constructing a single one. He did this bycomparing the sizes of the set of algebraic numbers, which is countable,and the set of real numbers, which is uncountable. Thus, there must be anawful lot of non-algebraic, i.e., transcendental, numbers.For further details on the number systems, consult any introductorybook on the topic.C.2 The Very BasicsC.2.1 ExponentialsIf not indicated di�erently, the following holds for a; b 6= 0, n;m 2 Z,r; s; p; q 2 Z+ an = an�1 � aa0 = 1a�n = 1an0r = 000 not de�ned0�n not de�nedan � am = an+ma pq � a rs = a pq+ rs obviously q; s 6= 0aras = ar�s for r; s;2 Za pqa rs = a pq� rs obviously q; s 6= 0(ar)s = (as)r = ars but note that (as)r 6= a(sr) for r; s;2 Z(a � b)m = am � bm(ab )r = (arbr ) for r; s;2 Z



C.2. THE VERY BASICS 123aras = 8<: ar�s r > s1 r = s1as�r r < s for r; s;2 Za > 1 : r < s i� ar < as0 < a < 1 : r < s i� ar > as(a+ b)2 = a2 + 2ab+ b2(a+ b)3 = a3 + 3a2b2 + b3or generally: (a + b)n = nXk=0� nk � akbn�ka2 � b2 = (a� b)(a+ b)a3 � b3 = (a� b)(a2 + ab+ b2)or generally:an � bn = (a � b)(an�1 + ban�2 + � � �+ bn�2 + bn�1)C.2.2 RootsThe following holds for a; b 2 R+0 ; n 2 Z:npa = b i� bn = a1pa = anp0 = 0np1 = 1( npa)n = npan = aa 1n = npaa pq = qpap for p; q 2 Z+



124 APPENDIX C. SOME CALCULUS(a 1n )n = a(a pq )q = ap for p; q 2 Z+npa � npb = npabnpanpb = nrab( npa)r = npar( npa)�r = npa�rsq qpa = qq spa = sqpaqpap = qkpapkIf you did not know it already, you might have realized from the abovethat exponentials and roots are inverses over R+0 .C.2.3 The Exponential FunctionThe exponential function exp(x) also known as ex is de�ned as follows:exp(x) := 1Xk=0 xkk! = ex ; x 2 Rexp(1) = 1Xk=0 1kk! = eFor the exponential function ex it holds that:exp(x) � exp(y) = exp(x+ y) ,for all x; y 2 RThis is called the addition theorem for exponential functions. Nowwe can derive exp(0) = 1Which followes fromexp(x) = exp(x+ 0) = exp(x) � exp(0)exp(x) = exp(x) � exp(0)exp(0) = exp(x)exp(x) = 1



C.2. THE VERY BASICS 125From this it followes thatexp(�x) = 1exp(x)We can see this fromexp(�x) � exp(x) = exp(x� x) = exp(0) = 1For all x 2 R, the exponential function exp(x) is positive:exp(x) > 0The exponential function exp(x) is continuous, and strictly monotoni-cally increasing. limx!�1 exp(x) = 0limx!1 exp(x) =1For the exponential function exp(x) the following equations hold:e = exp(1) = exp(n � 1n) = exp( 1n + 1n + � � �+ 1n ) = (exp 1n )nnpe = nr(exp 1n )n = exp( 1n ) = e 1nemn = exp(mn ) = exp(m � 1n ) = exp( 1n)m = npem =With the knowlege on exponential functions at hand, the formulas inC.2.1 and C.2.2 should have become much clearer now.C.2.4 Logarithms for BeginnersWe di�erentiate between the natural logarithm ln with base e, and thegeneral logarithm loga with base a, a > 0. The natural logarithm ln is theinverse of the exponential function exp(x) in the interval (0;1). Thus, thefollowing holds: ln(exp(x)) = x , for all x 2 Rexp(ln(x)) = x , for all x 2 R+y = ln(x)$ x = ey , for all x 2 R+ln is continuous and strictly monotonically increasing.ln 1 = 0limx!0 ln(x) = �1



126 APPENDIX C. SOME CALCULUSlimx!1 ln(x) =1The multiplication theorem states:ln(x � y) = ln(x) + ln(y) ; x; y > 0From the multiplication theorem we can derive:ln(xn) = n � ln(x)ln( npx) = 1n � ln(x)From ex and ln(x), the general exponential function ab with a > 0,a 6= 1, and b 2 R is de�nded asab := exp(b � ln(a)) = eb�ln(a)Similar to ex, the inverse of the general exponential function exists,which is called the general logarithm loga with base a:loga(ax) = x , for all x 2 RFrom this it is obvious that:loga(a) = 1loga(1) = 0We further have:aloga(x) = x , for all a > 0and obviouslyloga aloga(x) = loga x , for all a > 0y = loga(x)$ ay = x , for x > 0From the multiplication theorem we can deriveloga(xy) = y � loga(x)loga(x�1) = � loga(x)The general logarithm loga(x) is continuous, and strictly monotonicallyincreasing for a > 1, and strictly monotonically decreasing for 0 < a < 1.loga(x � y) = loga(x) + loga(y)Of course, if a = e we get the natural logarithm ln.



C.2. THE VERY BASICS 127For the relation between logarithms with di�erent bases see the followingequation: loga(y) = ln(b)ln(a) � logb(y) , for y > 0From the following three equations we easily understand how the minuscomes into the formula for entropy (cf. chapter Rfentropy, p. ??).log 1 = 0log(ab ) = log(a) � log(b) obviously we have(� log(x)) � (�log(y)) = � log(xy )Remember, we had 1pi = Mpipossible outcomes, which we rewrote aslog2 1pi = log2Mpiwhich in turn equalslog2Mpi = log2 1pi = log21� log2pi = 0� log2pi = �log2piIn the same chapter we also had�pi ln pi ! 0This becomes clearer by considering thatlimx!0x lnx = 0which followes from the known limit, that x goes faster to zero than lnxgoes to �1.C.2.5 Factorialn! = n � (n� 1)! = 1 � 2 � 3 � � � � � n ; n � 10! = 1



128 APPENDIX C. SOME CALCULUSC.2.6 SequencesA sequence de�nes an ordering on the elements of a set. Consider for in-stance a sequence of real numbers, which is an enumeration of real numbersordered by natural numbers. Each real number in a set of reals is relatedto a natural number. Thus, the reals are ordered according to the naturalnumbers. We have the function f : N ! R, n 2 N , with f(n) usuallywritten as an. a1; a2; a3; � � � ; an; � � �The element an is called the n-th element of a sequence. The set of allelements ai, i=1,2,3,...,n is called the range of the sequence (an).For sequences, we say:A sequence is called strictly monotonically increasing if for all nan < an+1A sequence is called monotonically increasing if for all nan � an+1A sequence is called strictly monotonically decreasing if for all nan > an+1A sequence is called monotonically decreasing if for all nan � an+1Upper and lower boundsAn upper bound of a sequence is an element k such thatan � k , for all nA lower bound of a sequence is an element k such thatan � k , for all nA sequence that has an upper bound is called upwards bounded.A sequence that has a lower bound is called downwards bounded.A sequence that has an upper bound and a lower bound is called upwardsand downwards bounded.The least upper bound is called the supremum. If some element inthe sequence takes the value of the supremum, the supremum is called themaximum.Equivalently, the greatest lower bound is called the in�mum. If someelement in the sequence takes the value of the in�mum, the in�mum iscalled the minimum.ConvergenceA sequence (an) is called convergent with a limit a, a 2 R if of all " > 0there is an index n" such that for all indices n � n" it holds that ja�anj < ".



C.2. THE VERY BASICS 129In other words, all but a few elements of a convergent sequence (an) lie inthe open interval (a � "; a + "), which is called a neighbourhood of a. Forthe limit a we write: a = limn!1anCharacteristics of convergent sequences:(i) A convergent sequence (an) has an unambiguously de�ned limit.(ii) Convergent sequences are upwards and downwards bounded.(iii) Given two convergent sequences (an); (bn) with limn!1an = a andlimn!1bn = b then the sum, di�erence and product are convergent, andthe following holds:limn!1(an + bn) = limn!1(an) + limn!1(bn)limn!1(an � bn) = limn!1(an)� limn!1(bn)limn!1(an � bn) = limn!1(an) � limn!1(bn)limn!1c � an = c � limn!1(an) , for all c 2 RThe quotient anbn with bn 6= 0 is convergent, and the following holds:limn!1 anbn = limn!1(an)limn!1(bn)In case the limit a is unknown, convergence can be decided by thefollowing criteria:� the Cauchy criterion, and more practically relevant by� the following theorem:A monotonically increasing, upwards bounded sequence is convergent.A monotonically decreasing, downwards bounded sequence is conver-gent.The Cauchy criterion for sequences states:A sequence (an) is convergent i� for all " > 0 there is a n" such that forall p; q � n" it holds that jap � aq j < ".C.2.7 SeriesFrom any sequence (an) we can de�ne a series (sn) by summing up theelements ai of the the sequence (an). Thus, we havea1 + a2 + a3 + � � �+ an + � � � = 1Xk=1 aksn = a1 + a2 + a3 + � � �+ an = nXk=1 ak



130 APPENDIX C. SOME CALCULUSWe say that the series (sn) is the n-th partial sum of the sequence (an).ConvergenceIf the series (sn) converges to s, the series is said to converge. We write1Xk=1ak = sThe number s is called the sum of the series or point of convergence,which in fact means that s is the limit of the sequence of partial sums ofthe series. s = limn!1sn = limn!1 nXk=1 akThe Cauchy criterion for convergence restated for series says:P1k=1 ak converges i� for all " > 0 there is a n" such that for all n � n"and for all p 2 N; p � 1 it holds thatj n+pXk=n+1akj < "In the following, characteristics of convergent series are given:For two convergent series P1k=1 ak with sum s, and P1k=1 bk with sumt, the series P1k=1 ak + bk and P1k=1 ak � bk are also convergent, and thefollowing holds: 1Xk=1 ak + bk = s + t1Xk=1 ak � bk = s � tGiven a convergent series P1k=1 ak with sum s:1Xk=1 c � ak = c � s , for c 2 R is convergentFor the elements ai, i = 1; 2; 3; � � � ; n of a convergent series (sn) thefollowing holds: limn!1an = 0In other words, the elements of a convergent series (sn) form a sequence(an) that rapidly goes to zero.The seriesP1k=1 ak is said to converge absolutely if the seriesP1k=1 jakjconverges. From this it follows that for the absolutely convergent seriesP1k=1 ak with sum s, and P1k=1 bk with sum t, any series of the productsak � bl, k; l � 1 is absolutely convergent, andlimn!1 nXk=1ak nXl=1 bl = s � t



C.2. THE VERY BASICS 131By de�nition, a non-negative convergent series P1k=1 ak, where thusak > 0, is absolutely convergent.Theorem: IfP1k=1 ak converges absolutely, then P1k=1 ak converges.In the following three su�cient conditions for convergence of series aregiven:Comparison testGiven two series Pnk=1 bn andPnk=1 an, and 0 � an � bn,(i) Pnk=1 an is convergent ifPnk=1 bn is convergent,(ii)P1k=1 bk is divergent ifP1k=1 ak is divergent.If limn!1 anbn = s 6= 0this can be restated asPnk=1 an is convergent i� Pnk=1 bn is convergent.Root testIf kpjakj � q < 1, for all k � 1, then P1k=1 ak is absolutely convergent.If kpjakj � q > 1, for all k � 1, then P1k=1 ak is divergent.If kpjakj � q = 1, for all k � 1, no information on convergence can bederived.Ratio testIf jak+1 jjakj � q < 1, for k � k0, then P1k=1 ak, with ak 6= 0 is absolutelyconvergent.If jak+1jjakj � q � 1, for k � k0, then P1k=1 ak, with ak 6= 0 is divergent.Theorem: LeibnizSuppose, a series P1k=1 ak has the following characteristics,(i) the sequence of its elements is positive and monotonically decreasingja1j � ja2j � ja3j � � � �(ii) negative and positive elements alternatea2m�1 � 0; ; a2m � 0 ;m = 1; 2; 3; � � �(iii) the sequence converges to 0limn!1an = 0Then, the series P1k=1 ak converges.



132 APPENDIX C. SOME CALCULUSC.3 On the Number e, the Exponential Func-tion and the Natural LogarithmThe number e has received a lot of attention in Mathematical Analysis forseveral reasons. One often sees the following as the de�nition of e � 2:72:e = 1Xn=0 1n!e is not an integer, nor a rational number, nor, in fact, an algebraic one.Alternatively one sees the following limit as the de�nition of e:e = limn!1(1 + 1n )nThe exponential function is denoted ex or exp(x). It is de�ned on theset of real numbers R as ex = 1Xn=0 xnn!In fact, it is de�ned in the same way also for complex numbers. The reasonthat this function has received so much attention is the fact that it is itsown derivative, i.e: ddxex = exActually, Cex is the only function for which this is the case. Here C is anarbitrary multiplicative constant. This is true not only viewed as a real-valued function of a real variable, but also as a complex-valued function ofa complex variable.The inverse function of ex, i.e., the logarithm with base e, is calledthe natural logarithm and \loge x" is often denoted \lnx". Extending thisfunction to the complex plane is slightly more complicated, and lnx is onlyde�ned for positive x when viewed as a real function.The following integral keeps popping up when working with the Normaldistribution: Z 1�1 e�t2 dt = p�This can most easily be seen by noting that the integral over the real planeR2 should be that same in both Cartesian and Polar coordinates:(Z 1�1 e�t2dt)2 = Z 1�1 Z 1�1 e�(x2+y2)dx dy =Z 10 Z 2�0 re�r2dr d� = 2�[�12e�r2 ]10 = �For those who are a bit worried about the terms Cartesian and Polar coor-dinates: Cartesian coordinates are the usual (rectangular) coordinates ofthe real plane, often referred to as the x and y coordinates. Polar (cir-cular) coordinates describe the real plane by giving the distance to theorigin and the angel, in radians, with the x axis. For example, the point(1; 1) in Cartesian coordinates corresponds the the point (p2; �=4) in Polarcoordinates.



Appendix DTagsetsFor the annotation of written text we distinguish two classes of tags: wordlevel and phrase level tags. Word level tags represent information related tolexical descriptions, i.e. information related to single word forms or lemmas.Phrase level tags represent information related to phrasal descriptions, i.e.the role a lexical element plays within a phrase, and the relations that holdbetween phrases.D.1 Word Level TagsetsD.1.1 Representation of Word Level TagsThe most wellknown species of tagsets are part-of-speech (PoS) tagsets.They have become popular because of the variety of recent approaches toPoS-tagging. PoS-tagsets ideally represent exhaustive information on syn-tactic category, morphological features, punctuation, and some other kindof word level information such as symbol, abbreviation, foreign material,brackets, quotes, etc. A tag represents a speci�c portion of informationrelated to lexical descriptions. This may either be� a single dimension of linguistic information, see for instance the Cons-traint Grammar tags for syntactic category such as V, A, ADV, DET,N (verb, adjective, adverb, determiner, noun), p. 146, or� various combinations of dimensions of linguistic information, see forinstance the Susanne wordtags for verbs where syntactic category, in-formation on transitivity and in
ection are combined. [Tzoukermannet al 1995] propose tags that are composed from syntactic categoryand morphological features, e.g. VIP3S the tag representing the in-formation: verb, indicative, present, third person, singular.Another way of combining linguistic information is by conjunction oftags. See for instance the Constraint Grammar tagset, where a small num-ber of PoS-tags, representing syntactic category, is combined with sets ofPoS-speci�c features, p. 146. The word level annotation$<$SVO$>$ V PRES -SG3 VFIN @+FMAINV for instance represents the follo-wing linguistic information: transitive (<SVO>), verb (V), present (PRES),non-third singular (-SG3), �nite (VFIN), matrix verb (@+FMAINV).In some tagsets, information on word level is combined with phraselevel information. In Constraint Grammar, for instance, phrase level infor-mation is annotated at word level, cf.@+FMAINV. Another example are133



134 APPENDIX D. TAGSETSthe Stuttgart-T�ubingen tags ADJA and ADJD representing informationon the adjective's grammatical function, namely attributival (ADJA) vs.adverbial or predicative (ADJD), or the distinction between prepositions(APPR) and postpositions (APPO), p. 153.D.1.2 Mapping between Linguistic Descriptions andTagsetsArmstrong et al. ([Armstrong et al. 1995]) for instance propose map-ping between tags and descriptions with manually de�ned mapping tables.Linguistic descriptions are envisaged to be either represented as attributevalue pairs, e.g. cat = prep is mapped to the tag PREP, or as typed fea-ture structures, such as N[num=pl] which is mapped to the tag NPL, oras shortcuts for feature combinations, such as BD3FP (personal pronoun,third person, femininum, plural) which is maped to the less informative tagbfp (personal pronoun, femininum, plural), or V.sg.1.pres (verb, singular,�rst person, present) which is maped to the less informative tag VPR (verb,present tense). More consequently, Tzoukermann et al. ([Tzoukermann etal 1995]) regard tags as abbreviations of hierarchically organized features,with PoS as supertype. Thus, the information related to verbs is organizedas followes: verb (PoS) is a supertype of mood, person, number, and tense.D.1.3 Tagsets and the Representation of AmbiguityA crucial feature of lexical description is ambiguity. A single word formmayrelate to various mutually exclusive portions of linguistic information. TheEnglish word form stress for instance is either a verb or a noun. In the verbreading, it relates to a �nite or non-�nite form, and the �nite reading can beinterpreted as either present indicative or imperative. In highly in
ectinglanguages, such as German, in
ection introduces a great amount of ambi-guity. Therefore morhological information is largely excluded from tagsets,see for instance the small and the large version of Stuttgart-T�ubingen tagsetfor German (STTS) [Thielen and Schiller 1995].Ambiguity within tagsets is dealt with either by� omitting portions of highly ambiguous linguistic description,cf. the small Stuttgart-T�ubingen tagset;� underspeci�cation,see for instance the hierarchical organisation of the tag names, wherethe initial characters represent the most general information, typi-cally the syntactic category, e.g. VB for verb in general in the PennThreebank tagset, V in the Susanne tagset, and the STTS;� disjunctions over tags or tag combinations.D.1.4 Minimal Criteria for the Development of PoS-Tagsets� Tags shall be kept as theory neutral as possible, in order to guaranteea high degree of descriptive generality.� Tags should re
ect a clear-cut distinction between di�erent dimensi-ons of linguistic description, in order to allow for a clear speci�cation



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 135of the descriptive level, and for 
exible and controlled access to vari-ous kinds of linguistic information via the tags.� Tags must be de�ned and documented with examples in such a waythat maximal intercoder consistency is guaranteed. Especilly proble-matic cases for annotation must be documented extensively.To achieve compatibility of PoS-tagsets guidelines for standardized le-xical description have been proposed, and tools for compatibility checksbetween tagsets have been developed. For the former see for instance theEAGLES activities on standardization of lexical descriptions (e.g. [Mo-nachini and Calzolari 1994], [Teufel 1995b]). For the later, see for instance[Teufel 1995a], [Armstrong et al. 1995].In the following, a number of tagsets for annotation of text (writtenlanguage) is given. From the examples, we will see that tagsets provide morethan mere PoS, but the information actually used in statistics reduces toa subset of approx. 50 to 100 PoS-tags. This is because when using largetagsets huge training corpora are necessary, which unfortunately do notexist.D.2 Tagsets for English Text CorporaEnglish is the language the largest amount of annotated text is available for.Thus, most of the statistics-based approaches to NLP have been developedon English text.D.2.1 The Susanne TagsetThe Susanne tagset is a classic among tagsets. The Susanne coprus has beenderived from the Brown corpus ([Francis & Kucera 1982]). Annotation atword level in the Suzanne corpus is comparable to a data record: Each re-cord of a Susanne �le comprises six �elds: reference, status, wordtag, word,lemma, and parse �eld. The Susanne annotation scheme distinguishes tagsrepresenting surface grammar (i.e. phrase structure), and tags representinglogical grammar (i.e. argument structure).The reference �eld contains information about which �le the annota-ted word is part of, and where it occurrs in the Brown Corpus.The status �eld indicates whether a word form is an abbreviation (A),a symbol (S), or a misprint (E). If none of those are applicable the status�eld contains a hyphen.The wordtag �eld comprises 353 distinct wordtags (PoS-tags), plusadditional tags for idioms. It is based on the "Lancaster" tagset listed in[Johansson et al. 1986], and enriched by additional grammatical distinc-tions which are indicated by lower-case su�xes. In the following we willonly give a few examples on verbs, so that you get an idea of how Susannewordtags look like. The gory details you'll �nd in [Sampson1995].



136 APPENDIX D. TAGSETSCommand UsageVB0 beVBDR wereVBDZ wasVBG beingVBM amVBN beenVBR areVBZ isVD0 doVDD didVDG doingVDN doneVDZ doesVH0 haveVHD had (past tense �nite)VHG havingVHN had (past participle)VHZ hasVMK oughtVMd modal (past)VMo modal (present)VV0i intransitive verb base formVV0t transitive verb base formVV0v base form with transitive verb or intransitive verbVVDi intransitive verb, past tenseVVDt transitive verb, past tenseVVDv transitive or intransitive verb, past tenseVVGi present participle of intransitive verbVVGt present participle of transitive verbVVGv present participle of verb having (in)transitive usesVVNi past participle of intransitive verbVVNt past participle of transitive verbVVNv past participle of verb having (in)transitive usesVVZi intransitive verb, third person singularVVZt transitive verb, third person singularVVZv transitive or intransitive verb,third personThe word �eld contains what ever is considered to be a word token.The lemma �eld contains the base form(s) of a word token. Typogra-phical variation is eliminated.The parse �eld gives information on syntactic structure. Formtags,functiontags, and indices are destinguished.Formtags are comparable to labels assigned to the nodes in a parsetree. In the annotation, the parse tree is represented by labelled brackets.Wordlevel, phraselevel, clauselevel, and rootlevel (paragraph, heading, titleetc.) formtags are distinguished. Wordlevel formtags (= wordtags) repre-sent information related to terminal nodes(= lexical elements). Phrase levelformtags give information on phrase types such as NP, VP, AP, AdjP etc.Clause level formtags give information on the clause type, such as mainclause, adverbial clause, relative clause etc.While formtags address surface grammatical properties, functiontagsrepresent properties of logical grammar. Functiontags indicate the gram-



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 137matical function of complements, such as subject, direct object, indirectobject, prepositional object, and adjuncts such as place, direction, time,manner.Indices specify the relation between surface and deep structure elements.To give a 
avour of the information encoded, the full list of rootlevel,clauselevel, and phraselevel formtags, and functiontags is presented below.Comments of the author are surrounded by brackets.Rootlevel FormtagsO paragraphOh headingOt title (e.g. of book)Q quotationI interpolation (material inserted into agrammatically and semantically complete structure)Iq tag questionIu scientific citationClauselevel FormtagsS main clauseSs quoting clause embedded within quotationFa adverbial clauseFn nominal clauseFr relative clauseFf "fused" relative (relative clause lacking anexplicit antecedent, and functioning as anominal element)Fc comparative clauseTg present participle clauseTi infinitival clauseTn past participle clauseTf "for-to" clauseTb "bare" nonfinite clauseTq infinitival relative clauseZ reduced ("whiz-deleted") relative clause(relative clause where relative pronoun andfinite verb have been omitted)L other verbless clauseA special "as" clause(clause beginning with the subordinatingconjunction or comparative preposition 'as',and not being last part of an as-comparison,and 'as' is not interpretavble as 'because','while', or 'when'.)W "with" clausePhraselevel FormtagsN noun phraseV verb groupJ adjective phrase



138 APPENDIX D. TAGSETSR adverb phraseP prepositional phraseD determiner phraseM numeral phraseG genitive phraseVo operator section of verb group(i.e. the first part of a splitverb group, e.g. in the case ofsubject-auxiliary inversion)Vr remainder of verb group from which Vo has beenseparated(ie. the second part of a split verb group)Vm V beginning with "am"Va V beginning with "are"Vs V beginning with "was"Vz V beginning with other 3rd-singular verbVw V beginning with "were"Vj V beginning with "be"Vd V beginning with past tenseVi infinitival VVg V beginning with present participleVn V beginning with past participleVc V beginning with modalVk V containing emphatic DOVe negative VVf perfective VVu progressive VVp passive VVb V ending with BEVx V lacking main verbVt catenative VNq "wh-" NNv "wh...ever" N(e.g. 'whoever', 'whichever direction')Ne "I/me" headNy "you" headNi "it" headNj adjective headNn proper nameNu unit noun headNa marked as subjectNo marked as nonsubjectNs singular NNp plural NJq "wh-" J (e.g. 'how good')Jv "wh...ever" J(e.g. 'however bad', 'no matter how high')Jx measured absolute J (e.g. '10 cm long')Jr measured comparative J(e.g. 'almost two years later than ...')



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 139Jh postmodified J(e.g. 'long enough', 'analoguous to ...')Rq "wh-" RRv "wh...ever" RRx measured absolute RRr measured comparative RRs adverb conducive to asyndeton(a phrasal 'as', 'then', 'otherwise yet')Rw quasi-nominal adverb(phrase headed by one of the adverbs'here', 'there', 'now', 'then', 'anywhere','elsewhere' , 'somewhere', 'nowhere')Po "of" phrasePb "by" phrasePq "wh-" P(e.g. 'after how many generations', 'of which')Pv "wh...ever" P (e.g. 'in whichever direction')Dq "wh-" D (e.g. 'how many', 'each of which')Dv "wh...ever" D (e.g. 'however much')Ds singular D (e.g. 'however much' Dvs)Dp plural D (e.g. 'how many' Dqp)Ms M headed by a cardinal number(e.g. 'several thousand', '1 billion or more')? interrogative clause* imperative clause% subjunctive clause! exclamatory clause or item" vocative item+ subordinate conjunct introduced by conjunction- subordinate conjunct not introduced by conjunction@ appositional element& co-ordinate structure acting as first conjunctwithin a higher co-ordination(marked in certain cases only)WT& co-ordination of wordsWT+ conjunct within wordlevel co-ordinationthat is introduced by a conjunctionWT- conjunct within wordlevel co-ordinationnot introduced by a conjunctionComplement Functiontagss logical subjecto logical direct objectS surface (and not logical) subjectO surface (and not logical) direct object



140 APPENDIX D. TAGSETSi indirect objectu prepositional objecte predicate complement of subject(e.g. He is not interested inbeing named 'a full-time director'.)j predicate complement of object(e.g. he established himself'as one of the guiding spirits')a agent of passive (i.e. by-object)n particle of phrasal verb(e.g. They slled 'up' the dean.)z complement of catenativex relative clause having higher clauseas antecedent(e.g. He left early, 'which surprised me'.)G "guest" having no grammatical rolewithin its tagmaAdjunct Functiontagsp placeq directiont timeh manner or degreem modalityc contingencyr respect(phrases beginning with'in connection with','with respect to', etc.)w comitative(with-phrases meaning ``together_with'')k benefactive(e.g. she gave me a scarf 'for her son')b absolute (verbless adverbial clauses)Susanne AnnotationA01:0010a - YB $<$minbrk$>$ - [Oh.Oh]A01:0010b AT The the [O[S[Nns:s.A01:0010c - NP1s Fulton Fulton [Nns.A01:0010d - NNL1cb County county .Nns]A01:0010e - J Grand grand .A01:0010f - NN1c Jury jury .Nns:s]A01:0010g - VVDv said say [Vd.Vd]A01:0010h - NPD1 Friday Friday [Nns:t.Nns:t]A01:0010i - AT1 an an [Fn:o[Ns:s.A01:0010j - NN1n investigation investigation .A01:0020a - IO of of [Po.A01:0020b - NP1t Atlanta Atlanta [Ns[G[Nns.Nns]A01:0020c - GG +$<$apos$>$s - .G]A01:0020d - JJ recent recent .A01:0020e - JJ primary primary .A01:0020f - NN1n election election .Ns]Po]Ns:s]



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 141A01:0020g - VVDv produced produce [Vd.Vd]A01:0020h - YIL $<$ldquo$>$ - .A01:0020i - ATn +no no [Ns:o.A01:0020j - NN1u evidence evidence.A01:0020k - YIR +$<$rdquo$>$ - .A01:0020m - CST that that [Fn.A01:0030a - DDy any any [Np:s.A01:0030b - NN2 irregularities irregularity .Np:s]A01:0030c - VVDv took take [Vd.Vd]A01:0030d - NNL1c place place [Ns:o.Ns:o]Fn]Ns:o]Fn:o]S]A01:0030e - YF +. - .O]
LiteratureAn exhaustive description of the Susanne tagset is presented in [Sampson1995].The Susanne corpus is freely available.
D.2.2 The Penn TreebankThe second version of the PennTreebank (Treebank II) comprises a mil-lion words of 1989 Wall Street Journal material. The corpus is annotatedwith PoS, and a labelled bracket structure that allows for the extractionof predicate-argument structure. The PoS labels , as presented in [San-torini 1995], are listed in section D.2.2. The bracket labels and syntacticfunctions are presented in section D.2.2. Labeling examples you'll �nd insection D.2.2. The list of labels, and the examples are taken from [Bies etal. 1995].



142 APPENDIX D. TAGSETSThe Penn Treebank Parts-of-SpeechCommand UsageCC coordinating conjunctionCD cardinal numberDT determinerEX existential thereFW foreign wordIN preposition or subordinating conjunctionJJ adjectiveJJR comparative adjectiveJJS superlative adjectiveLS list item markerMD modalNN noun, singular or massNNS noun, pluralNNP proper noun, singularNNPS proper noun, pluralPDT predeterminerPOS possessive endingPRP personal pronounPP$ possessive pronounRB adverbRBR comparative adverbRBS superlative adverbRP particleSYM symbolTO in�nitiv marker toUH interjectionVB verb, base formVBD verb, past tenseVBG verb, gerund or present participleVBN verb, past participleVBP verb, non-3rd person singular, presentVBZ verb, 3rd person singular, presentWDT wh-determinerWP wh-pronounWP$ possessive wh-pronounWRB wh-adverb# Pound sign$ Dollar sign. sentence �nal punctuation, comma: colon, semi-colon( left bracket character) right bracket character" straight double quote` left open single quote



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 143Command Usage\ left open double quote' right close single quote" right close double quoteThe Penn Treebank II Syntactic StructureCommand UsageI Bracket LabelsI.I Clause-Level LabelsS simple declarative sentenceSINV subject-auxiliary inversion(not used with questions)SBAR relative or subordinate clause,incl. indirect questionsSBARQ wh-questionSQ within SBARQ(SBARQ consists of wh-element and SQ),labels yes/no question, and tag questionS-CLF it-cleft,e.g. it was Casey who threw the ballSQ-CLF interrogative it-cleft,e.g. was it Casey who threw the ballI.II Phrase-Level LabelsRRC reduced relative clause, complementizerand �nite verb are missing, e.g.an orangutan 'foaming at the mouth',titles 'not presently in the collection'FRAG clause fragmentVP verb phraseNP noun phraseADJP adjective phrasePP prepositional phraseADVP adverbial phraseWHNP wh-noun phrase, e.g. whoWHADVP wh-adverbial phrase, e.g. whyWHADJP wh-adjectival phrase,e .g. how coldWHPP wh-prepositional phrase, e.g. on whatQP quanti�er phrasePRT particle, i.e. separated verb pre�xUCP unlike coordinated phrasePRN parentheticalNX head of a complex noun phraseNAC not a constituent;to show scope of certain prenominalmodi�ers in a noun phraseINTJ interjection, e.g. Mike, would you 'please'close the doorCONJP conjunction phrase, only used withadjacent multi-element conjunctions,



144 APPENDIX D. TAGSETSCommand Usagee.g. (CONJP not only) ...(CONJP but rather)X unknown, uncertain, unbracketableII Function TagsII.I Text Categories-HLN headlines, datelines-TTL titles-LST list markers,i.e. mark list items in a textII.II Grammatical Functions-CLF true clefts, see S-CLF,and SQ-CLF above-NOM non-NP functioning as NP,e.g. I do not mind about 'your'leaving early, 'what' I really likeis chocolat-ADV clausal, and nominal adverbials,e.g. a little bit, you can leave'if you really want to go'-LGS logical subjects in passives-PRD non-VP predicates, i.e. after copulaverbs or in small clauses,e.g. Mary considers 'Peter a fool'(small clause)-SBJ surface subject-TPC topicalized, fronted constituent-CLR closely related, i.e. constituentsbetween complement and adjunct,such as constituents closelyrelated to the verb,elements in �xed phrases, andin support verb constructions-DTV dative PP-object; only with verbsthat undergo dative shift,e.g. I baked a cake for John,I baked John a cakeII.III Semantic Roles-VOC vocative, 'Mike', would you pleaseclose the door-DIR direction, trajectory,



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 145Command Usagee.g. 'from' Tokyo 'to' New York-LOC location-MNR manner-PRP purpose, reason-TMP temporal phrases-BNF benefactive; only with verbs thatundergo dative shift-PUT locative complement of the verb 'put'-EXT extent, spatial extent of an activity,e.g. she walked '5 miles'III Null Elements*T* used for wh-movement,relative clauses,tough movement,parasitic gaps,and topicalization(NP *) used in passive constructions,control and raising,reduced relative clauses,participal clauses and gerunds,imperatives, and in�nitives0 the null complementizer,used in SBAR if wh-element orthat is missing*U* unit, marks interpreted positionof a unit symbol*?* placeholder for ellipsed material*NOT* anti-placeholder in template gapping,used when template and copyin a coordinated structureare not entirely parallelPseudo-Attachment to show attachment betweennon-adjacent constituents*ICH* interprete constituent here,used for discontinuous dependency*PPA* permanent predictable ambiguity, e.g.for structurally unresolvable pp-attachment*RNR* right node raising,indicating shared constituents*EXP* expletiveIV Coindexingidentity index integer following a label tag,



146 APPENDIX D. TAGSETSCommand Usagee.g. (SBAR-1)reference index integer following a null element,e.g. (NP *T*-3)the indices of the null elementand the related constituentare identical;null element and related elementmust appear within the same sentenceBracketed Structures(S (NP-SBJ Casey)(VP will(VP throw(NP the ball))))(S (NP-SBJ-1 the guide)(VP was(VP given(NP *-1)(PP-DTV to(NP Arthur)(PP by(NP_LGS Ford))))))(S (NP-SBJ (NP the person)(SBAR (WHNP-1 who)(S (NP-SBJ *T*-1)(VP threw(NP the ball)))))(VP is(ADJP_PRD very athletic)))LiteratureFor the description of the predicate-argument structure see [Marcus etal. 1994], for the example annotations and all other details see [Bieset al. 1995]. More information on the Treebank II can be found viahttp:/www.ldc.upenn.eduD.2.3 The Constraint Grammar TagsetThe Constraint Grammar tagset comprises PoS-tags , and structural tags.PoS-tags give information on syntactic category and on morphosyntacticfeatures related to speci�c syntactic categories. Additionally there are someother tags such as $2-NL representing a sequence of two or more newlines,and `*' indicating an upper case in words. Structural tags represent thesyntactic function of a word, such as subject, object etc. The crucial thing



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 147to know is that in Constraint Grammar all information, even structuralone, is expressed at word level.



148 APPENDIX D. TAGSETSThe Constraint Grammar PoS-TagsetCommand UsageA adjectiveABBR abbreviationADV adverbCC coordinating conjunctionCS subordinating conjunctionDET determinerINFMARK> in�nitive marker such as `to'INTERJ interjectionN nounNEG-PART negative particle such as `not'NUM numeralPCP1 participial with -ing formPCP2 participial with -ed/-en formPREP prepositionPRON pronounV verbFeatures for abbreviations<Title> title such as `*dr' for `Doctor'GEN genitiveNOM nominativePL pluralSG singularSG/PL singular or pluralFeatures for adjectives<Attr> attributive<DER:al> derived adjective in -al<DER:ble> derived adjective in -ble<DER:ic> derived adjective in -ic<DER:ive> derived adjective in -ive<DER:less> derived adjective in -less<DER:like> derived adjective in -like<DER:ward> derived adjective in -ward<DER:wise> derived adjective in -wise<Nominal> likely NP head<Pred> predicativeABS absolute formCMP comparative formSUP superlative formFeatures for adverbs<**CLB> clause boundary as it is introducedby the adverb why<DER:bly> derived adverb in -bly<DER:ed> derived adverb in -ed<DER:ing> derived adverb in -ing<DER:ly> derived adverb in -ly<DER:ward> derived adverb in -ward



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 149Command Usage<DER:wards> derived adverb in -wards<DER:wise> derived adverb in -wiseABS absolute formCMP comparative formSUP superlative formWH wh-adverbFeatures for determiners<**CLB> clause boundary as it is introducedby which<Def> de�nite<Genord> general ordinal such as next<Indef> inde�nite such as an<Quant> quanti�er such as someABS absolute form such as muchART articleCENTRAL central determinerCMP comparative formDEM demonstrative determinerGEN genitiveNEG negative formPL plural as required from fewPOST postdeterminer e.g. muchPRE predeterminer e.g. allSG singularSG/PL singular or pluralSUP superlative formWH wh-determiner such as whoseFeatures for nouns<DER:bility> derived noun in -bility<DER:ble> derived noun in -ble<DER:er> derived noun in -er<DER:ing> derived noun in -ing<DER:ness> derived noun in -ness<DER:or> derived noun in -or<DER:ship> derived noun in -ship<NRare> word only rarely used as a noun<Proper> proper<-Indef> noun with no inde�nite articlesuch as furniture<Title> title e.g. *professorGEN genitive caseNOM nominative casePL pluralSG singularSG/PL singular or pluralFeatures for numerals<Fraction> fraction e.g. two-thirds



150 APPENDIX D. TAGSETSCommand UsageCARD cardinal numeralORD ordinal numeralSG singular e.g. one-eighthPL plural e.g. three-eighthsFeatures for pronouns<**CLB> clause boundary e.g. introduced to who<Comp-Pron> compound pronoun e.g. something<Generic> generic pronoun e.g. one's<Interr> interrogative<NonMod> pronoun with no DET or premodi�er<Quant> quantitative pronoun<Re
> re
exive pronoun<Rel> relative pronounABS absolute formACC accusative (objective) caseCMP comparative formDEM demonstrative pronounFEM feminineGEN genitiveINDEP independent genitive formMASC masculineNEG negative form such as noneNOM nominativePERS personal pronounPL pluralPL1 1st person pluralPL2 2nd person pluralPL3 3rd person pluralRECIPR reciprocal pronoun e.g. each otherSG singularSG/PL singular or pluralSG1 1st person singularSG2 2nd person singularSG2/PL2 2nd person singular or pluralSG3 3rd person singularSUP superlative formWH wh-pronounFeatures for prepositions<CompPP> multi-word preposition e.g. in spite ofFeatures for verbs<Arch> archaic form<DER:ate> derived verb in -ate<Rare> word only rarely used as a verb<Vcog> verb that takes a that-clause<SV> intransitive<SVO> monotransitive<SVOO> ditransitive



D.2. TAGSETS FOR ENGLISH TEXT CORPORA 151Command Usage<SVC/A> copular with adjective complement<SVC/N> copular with noun complementsuch as become<down/SVC/ A> copular with A, phrasal verb e.g. fall down<out/SVC/A> copular with A, phrasal verb e.g. turn out<out/SVC/N> copular with N, phrasal verb e.g. turn out<up/SVC/A> copular with A, phrasal verb e.g. stand up<up/SVC/N> copular with N, phrasal verb e.g. end up<SVOC/A> complex trans. with adjective complement<SVOC/N> complex trans. with noun complement<as/SVOC/A> complex trans. with A, prepositional verb<for/SVOC/A> complex trans. with A, prepositional verb<into/SVOC/A> complex trans. with A, prepositional verb-SG1,3 other than 1st or 3rd person sg.-SG3 other than 3rd person sg.AUXMOD modal auxiliaryIMP imperativeINF in�nitiveNEG negativePAST past tensePRES present tenseSG1 1st person sg.SG1,3 1st or 3rd person sg.SG2 2nd person sg.SG3 3rd person sg.SUBJUNCTIVE subjunctiveVFIN �nite form



152 APPENDIX D. TAGSETSConstraint Grammar Syntactic TagsCommand Usage@+FAUXV Finite Auxiliary Predicator@-FAUXV Non�nite Auxiliary Predicator@+FMAINV Finite Main Predicator@-FMAINV Non�nite Main Predicator@NPHR Stray NP@SUBJ Subject@F-SUBJ Formal Subject@OBJ Object@I-OBJ Indirect Object@PCOMPL-S Subject Complement@PCOMPL-O Object Complement@ADVL Adverbial@APP Apposition@N Title@DN> Determiner@NN> Premodifying Noun@AN> Premodifying Adjective@QN> Premodifying Quanti�er@GN> Premodifying Genitive@AD-A> Premodifying Ad-Adjective@<NOM-OF Postmodifying Of@<NOM-FMAINV Postmodifying Non�nite Verb@<AD-A Postmodifying Ad-Adjective@<NOM Other Postmodi�er@INFMARK> In�nitive Marker@<P-FMAINV Non�nite Verb as Complement of Preposition@<P Other Complement of Preposition@CC Coordinator@CS Subordinator@O-ADVL Object Adverbial@NEG Negative particle "not"@DUMMY A word without a syntactic function,*the = TheSample Constraint Grammar Analysis"<*i>" "i" <*> <NonMod> PRON PERS NOM SG1 SUBJ @SUBJ"<see>" "see" <as/SVOC/A> <SVO> <SV> <InfComp> V PRES -SG3 VFIN @+FMAINV"<a>" "a" <Indef> DET CENTRAL ART SG @DN>"<bird>""bird" N NOM SG @OBJ"<$.>"LiteratureFor a comprehensive introduction to ENGCG see [Karlsson et al 1995]. Thematerial can be obtained by sending an emty email to engcgi@ling.helsinki.�.



D.3. TAGSETS FOR GERMAN TEXT CORPORA 153D.3 Tagsets for German Text CorporaD.3.1 The Stuttgart-T�ubingen TagsetThe Stuttgart-T�ubingen tagset is a mere PoS-tagset. It comes in two ver-sions, a small and a large one. In the large tagset PoS information isaugmented by morphlogical information such as features for person, num-ber, gender, case, tense, mode, comparation, and in
ection type. In thefollowing the inventary of the small version of the tagset is presented:



154 APPENDIX D. TAGSETSCommand UsageADJA attributival adjektivADJD adverbial or predicative adjectiveADV adverbAPPR preposition ; circumposition leftAPPRART preposition with incorporated articleAPPO postpositionAPZR circumposition rightART de�nite or inde�nite articleCARD cardinalFM foreign materialITJ interjectionKOUI subordinating conjunction with zu and in�nitiveKOUS subordinating conjunction with sentenceKON coordinating conjunctionKOKOM comaration particle, without sentenceNN common nounNE proper noun Hans*Hamburg*HSVPDS substitutive demonstrative pronounPDAT attributive demonstrative pronounPIS substitutive inde�nit pronounPIAT attributive inde�nit pronounPIDAT attributive inde�nit pronoun mit DeterminerPPER irre
exive personal pronounPPOSS substitutive possessive pronounPPOSAT attributive possessive pronounPRELS substitutive relative pronounPRELAT attributive relative pronounPRF re
exive personal pronounPWS substitutive interrogativpronounPWAT attributive interrogativpronounPWAV adverbial interrogative- or relative pronounPROAV pronominal adverbPTKZU "zu" before in�nitivePTKNEG negation partikelPTKVZ abgetrennter verb pre�xPTKANT AntwortpartikelPTKA partikel occurring with adjective or adverbTRUNC lexical ellipsisVVFIN �nite verb, mainVVIMP imperative, mainVVINF in�nitive, mainVVIZU in�nitive with "zu", mainVVPP past partiziple, mainVAFIN �nite verb, auxVAIMP imperative, auxVAINF in�nitive, aux



D.3. TAGSETS FOR GERMAN TEXT CORPORA 155Command UsageVAPP past artiziple, auxVMFIN �nite verb, modalVMINF in�nitive, modalVMPP past partiziple, modalXY non-word, Sonderzeichen$, comma$. sentence �nal punctation$( sentence internal punctuationAnnotation ExampleM"ogen VMFINPuristen NNaller PIDATMusikbereiche NNauch ADVdie ARTNase NNr"umpfen VVINF, $,die ARTZukunft NNder ARTMusik NNliegt VVFINf"ur APPRviele PIDATjunge ADJAKomponisten NNim APPRARTCrossover-Stil NN. $.Sie PPERgehen VVFINgewagte ADJAVerbindungen NNund KONRisiken NNein PTKVZ, $,versuchen VVFINihre PPOSATM"oglichkeiten NNauszureizen VVIZU. $.Literature[Thielen and Schiller 1995]



156 APPENDIX D. TAGSETS



Appendix EOptimization Theory,Wild-West StyleE.1 IntroductionHere we will discuss constrained optimization using Lagrange multiplyers.This requires that we �rst go through the following necessary prerequisites:� R, the set of real numbers: 0;�1; 42; 17 ;p2; e; �; : : :� Intervals: [�1; 0]; (17 ;p2); [�;1); : : :� Sequences and limits in R: e = limn!1(1 + 1n )n.� Rn = n factorsz }| {R� � � � �R.� Functions f(x) from R to R (f : R 7! R): x+ 5; x2; sinx; ex.� Sequences and limits of functions in R 7! R: limx!x0 f(x).� Derivatives: df(x)dx = limh!0 f(x+h)�f(x)h .� Functions f(x1; : : : ; xn) from Rn to R (f : Rn 7! R): x2 + y2 + z2.� Partial derivatives: @f(x1;:::;xn)@xi . Gradients: rf = ( @f@x1 ; : : : ; @f@xn ).� Optimization in one dimension:maxx2A�R f(x)� The solutions: Stationary points and boundary points.� The zeros of the derivative: dfdx = 0.� Optimization in several dimensions:max(x1;:::;xn)2A�Rn f(x1; : : : ; xn)� The zeros of the partial derivatives: 8i @f@xi = 0. Or, equivalently, thezeros of the gradient: rf = 0 = (0; : : : ; 0).157



158 APPENDIX E. OPTIMIZATION THEORY, WILD-WEST STYLE� Constrained optimization in several dimensions:max(x1;:::;xn)2A�Rn f(x1; : : : ; xn)gk(x1; : : : ; xn) = 0 for k = 1; : : : ;m� Lagrange multiplyers: r[f(x1; : : : ; xn)�Pmk=1 �kgk(x1; : : : ; xn)] = 0.In addition to this, we need to recapitulate numerical analysis to see howto solve the resulting equations. Since this is clearly impossible within thegiven time, we will start from the end and work our way backwards.E.2 Constrained Optimization in RnThe basic problem that we want to solve is the following:max(x1;:::;xn)2A�Rn f(x1; : : : ; xn)gk(x1; : : : ; xn) = 0 for k = 1; : : : ;mThis means that we want to maximize the real-valued object function f ofn real variables x1; : : : ; xn where the vector x = (x1; : : : ; xn) is restric-ted to the subset A of Rn, while observing m constraints of the formgk(x1; : : : ; xn) = 0.Example: A typical example would be estimating the parame-ters vj ; pjk; ajl 2 [0; 1] : j; k = 1; : : : ; N ; l = 1; : : : ;M of ahidden Markov model with N states and M signals.max(v1;:::;vN ;p11;:::;pNN ;a11 ;:::;aNM )2[0;1]n P (O)NXj=1 vj = 1NXk=1pjk = 1 for j = 1; : : : ; NMXk=1 ajl = 1 for j = 1; : : : ; NHere the probability P (O) of the observed training data O isthe object function, and the requirement that the various setsof probabilities sum to 1 constitutes the set of constraints. Wehave n = N +N �N +N �M = N (N +M + 1) variables xi andm = 1 +N + N = 2N + 1 constraints.Let us simplify this problem slightly to the case where we we haveno constraints, i.e., where m = 0. As we shall soon see, the points ofinterest would then under suitable conditions be those where rf(x) = 0.Intuitively, this can be understood as follows: rf(x) is a vector in Rnindicating1. the direction in point x in which f(x) grows the most,2. and how fast it grows in this direction.



E.2. CONSTRAINED OPTIMIZATION IN RN 159If x is a maximum, f(x) doesn't grow at all in any direction, and rf(x)should thus be zero. Unfortunately, this is also true for a minimum, andfor other so-called stationary points. In addition to this, f(x) may not beparticularly well-behaved, and may not allow us to form rf(x), i.e., thisquantity may be unde�ned. We'll get back to this later. For the time being,maximizing f(x) will involve inspecting the points where rf(x) = 0.We have however not taken the constraints gk(x) = 0 into account. Aclever way of doing this, due to the famous French mathematician JosephLouis Lagrange (1736{1813), is to introduce so-called Lagrange multiplyers.Note that� maxx2A�Rn f(x)gk(x) = 0 for k = 1; : : : ;m �, � maxx2A�Rn [f(x)�Pmk=1 �kgk(x)]gk(x) = 0 for k = 1; : : : ;m �for any choice of real numbers �k since gk(x) = 0. It turns out that thepoints of interest when solving the constrained optimizations problem are,again under suitable conditions, precisely the points where� r[f(x) �Pmk=1 �kgk(x)] = 0gk(x) = 0 for k = 1; : : : ;m �, � rf(x) =Pmk=1 �krgk(x)gk(x) = 0 for k = 1; : : : ;m �The parameters �1; : : : ; �m are determined by the new set of equations.Compared with the unconstrained optimization problem, we have increasedthe set of unknown variables from n to n + m by introducing these para-meters, but we have also added m equations fgk(x) = 0 : k = 1; : : : ;mg.We have thus given the system m extra degrees of freedom, but also addedm extra constraints, a net change of zero degrees of freedom.Example: In the example of estimating the parameters vj ; pjk; ajl 2[0; 1] : j; k = 1; : : : ; N ; l = 1; : : : ;M of a hidden Markov mo-del with N states and M signals, this amounts to the followingset of equations (P stands for P (O)):@P@vj = �1 for j = 1; : : : ; N@P@pjk = �j+1 for j = 1; : : : ; N ; k = 1; : : : ; N@P@ajl = �N+j+1 for j = 1; : : : ; N ; l = 1; : : : ;MNXj=1 vj = 1NXk=1pjk = 1 for j = 1; : : : ; NMXl=1 ajl = 1 for j = 1; : : : ; NBy multiplying each equation by the appropriate parameter,and summing over the appropriate index (j in the �rst set ofequations, k in the second one, and l in the third one), we can�nd the values of �1; : : : ; �2n+1 that satisfy the constraints:NXj=1 vj @P@vj = �1



160 APPENDIX E. OPTIMIZATION THEORY, WILD-WEST STYLENXk=1pjk @P@pjk = �j+1 for j = 1; : : : ; NMXl=1 ajl @P@ajl = �N+j+1 for j = 1; : : : ; NThusvj = vj @P@vjPNj=1 vj @P@vj for j = 1; : : : ; Npjk = pjk @P@pjkPNk=1 pjk @P@pjk for j = 1; : : : ; N ; k = 1; : : : ; Najl = ajl @P@ajlPMl=1 ajl @P@ajl for j = 1; : : : ; N ; l = 1; : : : ;MIt is not easy to prove that the points satisfying this new set of equationsare exactly the set of interesting points for the constrained optimizationproblem, and we will refrain from attempting the proof. We instead o�erthe following intuitive explanation, based on reasoning about surfaces andcurves in Rn:rf(x), rf for short, is a normal to the surface fx 2 Rn : f(x) = Cg,f = C for short. Similarly, rgk is a normal to the surface gk = 0. Anyvector normal to the intersection curve of the surfaces g1 = 0 and g2 = 0can be written as �1rg1 + �2rg2, where �1 and �2 are real numbers.Generalizing, any vector normal to the intersection curve of the surfacesfgk = 0 : k = 1; : : : ;mg can be written as Pmk=1 �krgk, where �1; : : : ; �mare real numbers.Now comes the crucial bit: As we vary C, the surface f = C will hope-fully cut the intersection curve of the surfaces fgk = 0 : k = 1; : : : ;mgat some point(s) for some value(s) of C. Otherwise, the constrained op-timization problem has no solutions. We want to maximize C. This willunder suitable conditions happen when the surface f = C just barely tou-ches this intersection curve. This in turn will happen when a normal ofthe surface f = C is also a normal to the intersection curve of the sur-faces fgk = 0 : k = 1; : : : ;mg. This means that rf is a normal both tothe surface f = C and to the intersection curve. Since any normal to theintersection curve can be written as Pmk=1 �krgk, this will happen whenrf =Pmk=1 �krgk.E.3 Numerical AnalysisThis is not the only thing there is to know about numerical analysis.Assume that we wish to calculate p2, but that some nerd has knickedour belt-strapped scienti�c calculator, and left us with a useless economiccalculator which only lends itself to the four basic arithmetic operationsaddition, subtraction, multiplication and division (+;�;�, and �), and,most importantly, percentage calculations (%). We then need to calculatea numerical approximation of p2 using only these four basic arithmeticoperations.



E.3. NUMERICAL ANALYSIS 161We realize that x = p2 must satisfyx2 = 2 and x > 0: (E.1)and that this uniquely determines x.The basic idea is to come up with a recurrence equation xk+1 = f(xk)that only involves addition, subtraction, multiplication and division, andthat will allow us to calculate a better next estimate xk+1 of x from thecurrent one xk.A �rst attempt might be to note thatx = 2xand simply let f(x) = 2=x. Thusxk+1 = 2xkUnfortunately, we see thatxk+1 = 2xk = 22xk�1 = xk�1Thus, we won't get any closer to the value p2 this way. By instead addingx to both sides of Equation E.1, we �nd thatx2 + x = 2 + x or x(x+ 1) = 2 + x or x = 2 + xx+ 1 or x = 1 + 1x+ 1Thus xk+1 = 1 + 1xk + 1Let x1 = 1 and note that p2 � 1:41421.x1 = 1 = 1:00000x2 = 32 = 1:50000x3 = 75 = 1:40000x4 = 1712 � 1:41667x5 = 4129 � 1:41379x6 = 9970 � 1:41428We see to our joy that this is rapidly approaching p2.But why is this? We have thatj x2k+1 � 2 j = j (2 + xkxk + 1)2 � 2 j = j 4 + 4xk + x2k � 2� 4xk � 2x2k(xk + 1)2 j == 1(xk + 1)2 j x2k � 2 jWe also note that xk � 1 ) xk+1 = 1 + 1xk+1 > 1. So if we start withx1 = 1, then xk > 1 for k = 2; 3; : : :This means that 1(xk+1)2 < 1(1+1)2 = 14 .Thusj x2k+1 � 2 j < 14 j x2k � 2 j < (14)2 j x2k�1 � 2 j < (14)k j x21 � 2 j = (14)k



162 APPENDIX E. OPTIMIZATION THEORY, WILD-WEST STYLEFinally noting that x2k+1 � 2 = (xk+1 �p2) � (xk+1 +p2), we see thatj xk+1 �p2 j < (14)k 1xk+1 +p2 < (14)k 11 +p2and that xk approaches p2 with geometric speed as k tends to in�nity.Example: In the example of estimating the parameters vj ; pjk; ajl 2[0; 1] : j; k = 1; : : : ; N ; l = 1; : : : ;M of a hidden Markov mo-del with N states andM signals, we arrived at the following setof equations:vj = vj @P@vjPNj=1 vj @P@vj for j = 1; : : : ; Npjk = pjk @P@pjkPNk=1 pjk @P@pjk for j = 1; : : : ; N ; k = 1; : : : ; Najl = ajl @P@ajlPMl=1 ajl @P@ajl for j = 1; : : : ; N ; l = 1; : : : ;MFrom this we can construct a set of recurrence equations withthe nice property that either the next iteration of parameterswill increase the value of P (O) (the probability of the trainingdata) or the value of the parameters will be the same. Since wehave a lot of subscript indices, we will let x̂ denote xk+1 and xdenote xk.v̂j = vj @P@vjPNj=1 vj @P@vj for j = 1; : : : ; Np̂jk = pjk @P@pjkPNk=1 pjk @P@pjk for j = 1; : : : ; N ; k = 1; : : : ; Nâjl = ajl @P@ajlPMl=1 ajl @P@ajl for j = 1; : : : ; N ; l = 1; : : : ;M
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